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Abstract. This paper provides two methods for realizing three-dimensional localized
sound zone generation based on external radiation cancelling using multiple loudspeakers
for personal sound systems. The radiation property produced by a spherical or circular
loudspeaker array outside the sphere or the circle is different from that inside them. The
sound pressure radiated from a spherical or circular array outside the sphere or the circle
is completely canceled out using another point source or linear loudspeaker array. As a
result, three-dimensional localized sound zone generation can be realized within their radii.
Two methods, one based on external radiation cancelling using a spherical loudspeaker
array and a point source, named ERC-SP, and the other using a circular and linear
array combination, named ERC-CL, are proposed. The appropriate driving signals and
the sound pressures produced by both methods are analytically derived. Compared with
previous methods, the propagation distance can be controlled by changing their radii and
these methods can be useful, not only in a free-field but also reverberant environments,
because external radiations can be completely cancelled out. The results of computer
simulations suggest that the proposed methods can create an effective localized sound
zone in free-field and reverberant conditions.
Keywords: Localized sound zone generation, external radiation, personal sound system,
sound field synthesis, sound field control

1. Introduction. Generating a personalized listening area using multiple loudspeakers
is receiving attention as an important and attractive sound media enrichment technique.
A very well-known application is a personal sound system [1–8] that allows individual
listening without headphones. In addition, multiple sound zones [7, 9–11] can simultane-
ously provide different sound signals at different positions to multi-users, which is useful
for multilingual guide services without headsets. Furthermore, by combining image pro-
jection techniques, they can provide different audio-visual contents to different users and
are also useful for virtual reality and multimedia applications.

To realize a personalized listening area, many approaches using multiple loudspeakers
have been proposed, and are broadly categorized into two main approaches. The first, ini-
tially proposed in [12], controls the acoustic contrast or the energy between two spaces [2–
5, 9–15]. In addition, an extended approach controls multiple sound fields [6–8, 16–20] so
that they are simultaneously synthesized for different zones in space. These methods typi-
cally control sound areas away from the loudspeakers and a free-field is assumed in almost
all the methods. However, the typical environments are reverberant and control accuracy
is degraded by reverberation when these methods are applied in actual environments. In
addition, although almost all the methods only consider two-dimensional control points
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Figure 1. Comparison between (a) conventional multiple audio-visual sys-
tems and (b) multiple audio-visual systems with localized sound zone gen-
eration.

and their results are also two-dimensional [2, 4–6, 8–20], three-dimensional formulation
and results are required for actual implementation [21].
In another approach, a localized sound zone is generated near loudspeakers so that

audible sound pressure is only propagated close to them but at very low amplitudes be-
yond the reference distance. In this study, this approach is called localized sound zone
generation, and may be suited to actual implementation, because sound pressure is not
radiated at the walls and no reflections occur. In conventional audio-visual systems with
simple loudspeakers, the sound contents are typically interfered each other (Fig. 1(a)).
Those with localized sound zone generation, on the other hand, can only efficiently provide
different audio-visual contents to different users in reverberant environments (Fig. 1(b))
since conventional multiple sound zone generation methods cannot be used in reverber-
ant environments as discussed above. To investigate localized sound zone generation is,
therefore, significant for the advancement of multimedia technology. The purpose of this
study is then to develop methods for three-dimensional localized sound zone generation
suitable for use in both free-field and reverberant environments.
Several methods for localized sound zone generation have been proposed. One is based

on evanescent wave reproduction [22] using linear or circular arrays of loudspeakers [23,
24]. In this method, however, the attenuation property of the radiated sound cannot be
controlled because the propagation property of an evanescent wave is dependent on the
wave length [22]. Another method [25,26], which uses double circular arrays, is based on
least squares approaches [2–5, 12, 14, 16, 17]. However, such methods are quite unstable
because the acoustic inverse problem is very ill-conditioned [22, 27]. To solve the ill-
conditioned problem, an analytical approach using a circular double-layer array has been
recently investigated [28]. In addition, an analytical method for localized sound zone
generation based on sound source dimension mismatch with a linear loudspeaker array
and a point source has been proposed [29]. However, these approaches are only considered
in two-dimensional synthesis. The other methods [30,31] can synthesize a sound field only
inside surrounding loudspeaker arrays and reduce the sound pressures propagated outside
them which is called as external radiation. However, these methods require multiple
spherical loudspeaker arrays [32] which can control complex directivities but are difficult
to be implemented compared with simple loudspeakers.
To realize a three-dimensional localized sound zone generation in an actual environ-

ment and suitable for actual implementation, this paper proposes two methods. The
primary concept of the proposal is that the sound pressure radiated from a spherical or
circular loudspeaker array outside the sphere or the circle is completely canceled out us-
ing another point source or linear loudspeaker array. Adequate arrangements of both a
spherical array and a point source are first proposed. The appropriate driving signals of
the spherical loudspeaker array and the point source, and the sound pressures produced
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by them are then analytically derived, based on spherical harmonic expansion [22]. This
method is named the external radiation canceller using a spherical loudspeaker array and
a point source, ERC-SP. In addition, to reduce the number of loudspeakers and actual
implementation requirements, another method, which introduces circular and linear loud-
speaker arrays instead of a spherical array and a point source, is proposed. This approach
is named the external radiation canceller using a circular and linear loudspeaker array
combination, ERC-CL. An adequate arrangement for both circular and linear arrays is
proposed. The appropriate driving signals of the array, and the sound pressures produced
by them are then also analytically derived based on the two-dimensional spatial Fourier
transform [22].

The key point of both the proposed methods is that the radiation property produced
by a spherical or circular loudspeaker array outside the sphere or circle is different from
the radiation property inside them, and the external radiation can be perfectly canceled
out and no reflection can occur in a reverberant environment. Compared with previous
methods, three-dimensional formulations are introduced, the propagation distance can be
controlled by changing the radius of a spherical or a circular array, the driving signals
of both methods are based on analytical solutions instead of the least squares approach,
and both proposed methods can be realized using multiple simple loudspeakers instead
of multiple spherical loudspeaker arrays.

ERC-CL was partly presented in [33]. However, there are no detailed discussions about
the sound pressure produced inside the circle, no comparisons with ERC-SP, and no
simulations in reverberant conditions in [33].

The rest of this paper is organized as follows. Section 2 introduces the basic principles
of the sound field resulting from continuous linear, cylindrical and spherical secondary
monopole source distributions. Two methods for generating localized sound zones, ERC-
SP using a spherical loudspeaker array and a point source, and ERC-CL using a circular
and linear loudspeaker array combination are proposed in Section 3. In Section 4, com-
puter simulations are conducted and the sound pressures produced by both methods are
presented. Experimental results and the properties of both methods are compared and
discussed in Section 5. Finally, conclusions are drawn in Section 6.

2. Sound field due to continuous linear, cylindrical and spherical secondary
monopole source distributions. To propose localized sound zone generation meth-
ods, the sound field produced by continuous linear, cylindrical and spherical secondary
monopole source distributions instead of linear, cylindrical and spherical loudspeaker ar-
rays are briefly introduced here for analytical formulations.

The sound pressure P (x, ω) synthesized at position x = [x, y, z]T by a continuous
secondary source distribution is given as:

P (x, ω) =

∫
dV0

D(x0, ω)G3D(x,x0, ω)dx0, (1)

where ω = 2πf denotes the radial frequency, f the temporal frequency, dV0 the secondary
source surface area, D(x0, ω) the secondary source driving function1 at position x0 =
[x0, y0, z0]

T, and G3D(x,x0, ω) the transfer function of the sound source placed at x0

to the point x. Under the free-field assumption, G3D(x,x0, ω) is the three-dimensional
free-field Green’s function [22], defined as:

G3D(x,x0, ω) =
e−jk|x−x0|

4π|x− x0|
, (2)

1Driving function instead of driving signal is used for continuous sound source distributions.
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Figure 2. Definition of cylindrical coordinates r = [r, θ, ϕ]T relative to
Cartesian coordinates x = [x, y, z]T. for describing the sound field pro-
duced by linear, circular and cylindrical sound sources.

where j =
√
−1, k = ω/c denotes the wavenumber and c is the speed of sound [22].

2.1. Continuous linear secondary source. As in [11,21], the sound pressure produced
by a continuous linear secondary monopole source distribution along the x-axis is given
as:

P (x, ω) =

∫ ∞

−∞
D(x0, ω)G3D(x,x0, ω)dx0. (3)

The spatial Fourier transform of (3) with respect to x is then derived as:

P̃ (r, kx, ω) = D̃(kx, ω)G̃(r, kx, ω), (4)

where G̃(r, kx, ω) is the transfer function in the wavenumber domain from linear sound
source r = 0 to the produced cylinder r [36, 37] and is given as:

G̃(r, kx, ω) = −j

4
H

(2)
0 (krr) . (5)

(4) is independent of ϕ and the sound pressure produced by a linear secondary source
is radiated axisymmetrically to the x-axis.

2.2. Continuous cylindrical secondary source. To describe three-dimensional sound
propagation using a continuous circular secondary monopole source distribution in the
next section, the sound field produced by a continuous cylindrical secondary monopole
source distribution is briefly introduced here.
Cylindrical coordinates r = [r, ϕ, x]T relative to Cartesian coordinates [x, y, z]T are

defined in Fig. 2.
As in [33], the sound pressure P (x, ω) synthesized at position x = [x, y, z]T by a

continuous cylindrical secondary monopole source distribution with radius r0 is also given
as:

P (x, ω) =

∫ 2π

0

∫ ∞

−∞
D(x0, ω)G3D(x,x0, ω)r0dx0dϕ0. (6)

When applying the two-dimensional spatial Fourier transform [22] to (6) with respect
to ϕ and x, their convolution is performed by the convolution theorem:

P̃m(r, r0, kx, ω) = 2πr0D̃m(kx, ω)G̃m(r, r0, kx, ω), (7)

where kx denotes the spatial frequency in the direction of x. From [22,36], G̃m(r, r0, kx, ω)
is the two-dimensional spatial Fourier transform of G3D(x,x0, ω) with respect to ϕ and x
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Figure 3. Definition of spherical coordinates R = [r, θ, ϕ]T relative to
Cartesian coordinates x = [x, y, z]T for describing the sound field pro-
duced by a spherical sound source.

and is analytically derived as:

G̃m(r<, r0, kx, ω) = −j

4
Jm(krr)H

(2)
m (krr0), (8)

G̃m(r>, r0, kx, ω) = −j

4
Jm(krr0)H

(2)
m (krr), (9)

where kr =
√

k2 − k2
x, H

(2)
m and Jm denote the m-th order Hankel function of the second

kind and the m-th order Bessel function of the first kind, respectively [22]. G̃m(r, r0, kx, ω)
is the transfer function in the herical wave spectrum domain from the sound source cylin-
der r0 to the produced cylinder r.

From (7), (8) and (9), the sound pressures in the herical wave spectrum domain with
r < r0 and with r > r0 are respectively derived as:

P̃m(r<, r0, kx, ω) = 2πr0D̃m(kx, ω)G̃m(r<, r0, kx, ω)

= −jπr0
2

Jm(krr)H
(2)
m (krr0)D̃m(kx, ω), (10)

P̃m(r>, r0, kx, ω) = 2πr0D̃m(kx, ω)G̃m(r>, r0, kx, ω)

= −jπr0
2

Jm(krr0)H
(2)
m (krr)D̃m(kx, ω). (11)

(10) and (11) suggest that the propagation property of a cylindrical secondary source with
r < r0 is different from that with r > r0.

2.3. Continuous spherical secondary source. Spherical coordinatesR = [R, Θ, Φ]T

relative to Cartesian coordinates x = [x, y, z]T are defined in Fig. 3.
As in [34], the sound pressure P (x, ω) synthesized at position x = [x, y, z]T by a

continuous spherical secondary monopole source distribution with radius R0 is given as:

P (x, ω) =

∫ 2π

0

∫ π

0

D(x0, ω)G3D(x,x0, ω)R
2
0 sinΘ0dΘ0dΦ0. (12)

As in [38], the spherical convolution can be applied to (12) and their spherical harmonic
expansion coefficients are derived as:

Pm
n (R,ω) = R2

0

√
4π

2n+ 1
Dm

n (R0, ω)G
0
n(R,R0, ω). (13)
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Figure 4. Proposed localized sound area generation method ERC-SP us-
ing the spherical source with radius R0 and a point source centered origin.
DS(R0, ω) and DP(R0, ω) are the driving functions of the spherical and
point sound sources analytically derived in (18) and (23). The produced
sound pressures PS+P(R,R0, ω) for R > R0 and R < R0 are analytically
calculated using (24) and (25).

From [22] and [38], G0
n(R,R0, ω) for R < R0 and R > R0 are respectively given as:

G0
n(R<, R0, ω) = −jk

√
2n+ 1

4π
jn(kR)h(2)

n (kR0), (14)

G0
n(R>, R0, ω) = −jk

√
2n+ 1

4π
jn(kR0)h

(2)
n (kR), (15)

where jn is the n-th order spherical Bessel function, h
(2)
n is the n-the order spherical Hankel

function of the second kind, respectively [22].
From (13), (14) and (15), the sound pressures in the spherical harmonic domain with

R < R0 and with R > R0 are respectively derived as:

Pm
n (R<, R0, ω) = −jkR2

0D
m
n (R0, ω)jn(kR)h(2)

n (kR0), (16)

Pm
n (R>, R0, ω) = −jkR2

0D
m
n (R0, ω)jn(kR0)h

(2)
n (kR). (17)

(16) and (17) indicate that the propagation property of a spherical secondary source with
R < R0 is also different from that with R > R0.

3. Localized sound zone generation based on an external radiation canceller
using two types of sound sources. In this section, two methods for generating a
localized sound zone based on external radiation cancelling are proposed. As described
in Sec. 2, the radiation property produced by a spherical or circular sound source outside
the sphere or circle is different from the radiation property inside them, and the external
radiation can be perfectly canceled out using another point or linear sound source in the
proposed methods.

3.1. ERC-SP: using spherical and point sound sources. A localized sound zone
generation method based on external radiation cancelling using a spherical and point
source combination, named ERC-SP, is proposed here. In ERC-SP, the sound pressure
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radiated from a spherical sound source outside the sphere is completely canceled out by
a point source at the center of the sphere. To realize this situation, a spherical sound
source with radius R0 and a point source are centered on the origin as shown in Fig. 4.

It is obvious that the sound pressure produced by a point source PP(x, ω) is omnidi-
rectionally radiated. To cancel external radiation from a spherical sound source using a
point source, the sound pressure synthesized by a spherical sound source PS(x, ω) must
also be omnidirectionally radiated and PS(x, ω) is independent of Θ and Φ (= PS(R,ω)).
The driving function of a spherical sound source must then also be independent of Θ and
Φ and is given as:

DS(R0, ω) = D0
0,S(R0, ω) =

S(ω)

4πR2
0

, (18)

where S(ω) is the sound source signal in the time-frequency domain and DS(R0, ω) is
normalized by the superficial area of a spherical sound source 4πR2

0. It follows that
the spherical harmonic expansions of PS(x, ω) and DS(R0, ω) have only the 0-th order
component.

From (16) and (18), the sound pressure produced by an omnidirectional spherical sound
source with R < R0 is analytically derived as:

PS(R<, R0, ω) = P 0
0,S(R<, R0, ω) = j0(kR)

e−jkR0

4πR0

S(ω), (19)

and from (17) and (18), that with R > R0 is also analytically derived as:

PS(R>, R0, ω) = P 0
0,S(R>, R0, ω) = j0(kR0)

e−jkR

4πR
S(ω), (20)

where −jkh
(2)
0 (kR) = e−jkR/R [22].

To cancel out external radiation from a spherical sound source PS(R>, R0, ω) by a point
source, the appropriate driving function of a point source DP(ω) is analytically derived.
The sound pressure produced by a point source is given as:

PP(R,ω) = DP(ω)
e−jkR

4πR
. (21)

For cancelling PS(R>, R0, ω),

PP(r, ω) = −PS(R>, R0, ω) = −j0(kR0)
e−jkR

4πR
S(ω). (22)

Then, from (21) and (22),

DP(R0, ω) = −j0(kR0)S(ω). (23)

Finally, from (20) and (22), the total sound pressure produced by both the spherical and
point sources for R > R0 is completely canceled out as:

PS+P(R>, R0, ω) = PS(R>, R0, ω) + PP(R,ω) = 0. (24)

However, the sound pressure produced for R < R0 is obtained from (19) and (22) as:

PS+P(R<, R0, ω) = PS(R<, R0, ω) + PP(R,ω)

= S(ω)

{
j0(kR)

e−jkR0

4πR0

− j0(kR0)
e−jkR

4πR

}
= −jkS(ω)

4π

{
j0(kR)h

(2)
0 (kR0)− j0(kR0)h

(2)
0 (kR)

}
. (25)

As a result, (24) and (25) suggest that the ERC-SP can generate a three-dimensional
localized sound zone within R < R0.
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For making the sound pressure radiated from a point source penetrate to R > R0

and actual implementation, a continuous spherical sound source must be discretized as
a spherical array of loudspeakers. When the channel number of a spherical array of
loudspeakers is NS, (12) is discretized as:

P (x, ω) ≈
NS∑
i=1

4πR2
0

NS

DS(xi, ω)G3D(x,xi, ω)

=

NS∑
i=1

DS,i(ω)G3D(x,xi, ω), (26)

where DS,i(ω) = S(ω)/NS defines the discretized driving signals of a spherical array of
loudspeakers.
When DS,i(ω) and (23) are divided by −j0(kR0), the coefficients of the driving signals

of a spherical array of loudspeakers and a loudspeaker on the origin, are simply equivalent
to those of a close-talking microphone array using a spherical array of microphones and
a microphone at the center [39]. It is thought-provoking that the coefficients for [39] are
derived from the interpolation of sound pressure based on a spherical harmonic expan-
sion [22] and a different approach from ERC-SP, but the final coefficients are equivalent
to the ERC-SP. In [39], the reason close-talking can be realized is explained noting that
if the sound source is close to the spherical array, the array cannot express the spherical
waves correctly because the number of microphones is limited and the sound source signal
can be obtained from the residual signal. From the point of view of the acoustical princi-
ple of reciprocity, the principle of a close-talking microphone array can also be explained
by the fact that this array can make nulls at R > R0 shown in (24) derived by ERC-SP.

3.2. ERC-CL: Using circular and linear sound sources. Although ERC-SP can
completely cancel out external radiation and generate a localized sound zone theoretically,
there is a problem in its realistic implementation. ERC-SP requires a large number of
loudspeakers when controlling a large area in which there are listeners. To reduce the
number of loudspeakers, another method using circular and linear sound sources, named
ERC-CP, is proposed.
In ERC-CP, the sound pressure radiating from a circular sound source outside the circle

is also completely canceled out by a linear source. A continuous circular sound source
with radius r0 is centered at the origin on the y-z plane and a continuous linear sound
source is located along the x-axis as shown in Fig. 5. This situation can also be realized
with cylindrical and linear sources. However, for realistic implementation, the number of
loudspeakers should be reduced, and the proposed method introduces a circular source
instead of a cylindrical source.
As shown in (4), the sound pressure produced by a linear sound source PL(r, ω) is

radiated axisymmetrically to the x-axis. The sound pressure produced by a circular
sound source PC(r, ω) must then also be radiated axisymmetrically to the x-axis. It is
apparent that P̃C,n(r, kx, ω) only has a 0-th order component (n = 0), and the driving
function of a circular source is then independent of ϕ and given as:

DC(r0, ω) =

{
S(ω)/2πr0 for x = 0
0 for x ̸= 0

=
S(ω)δ(x)

2πr0
, (27)

where δ(x) is a delta function [22] and DC(r0, ω) is also normalized by the circumference
of a circular sound source 2πr0.
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Figure 5. Proposed localized sound area generation method ERC-CL us-
ing a circular sound source with radius r0 centered at the origin on the y-z
plane and a linear sound source along the x-axis. DC(r0, ω) and DL(x, ω)
are the driving functions of the circular and linear sound sources analyti-
cally derived in (27) and (37). The produced sound pressures P̃C+L(r, kx, ω)
for r > r0 and r < r0 are analytically calculated using (38) and (39).

The driving function of a circular source in the helical wave spectrum domain with
n = 0 is calculated from the spatial Fourier transform to (27) with respect to x and is
obtained as:

D̃0,C(kx, ω) =

∫ ∞

−∞
DC(r0, ω)e

−jkxxdx =
S(ω)

2πr0
. (28)

From (10), (11), and (28), the sound pressure produced by a circular source in the helical
wave spectrum domain with n = 0 is analytically derived as:

P̃0,C(r<, r0, kx, ω) = −j

4
J0(krr)H

(2)
0 (krr0)S(ω), (29)

P̃0,C(r>, r0, kx, ω) = −j

4
J0(krr0)H

(2)
0 (krr)S(ω). (30)

ERC-CL also suggests that the propagation property of a circular source for r < r0 is
different from that for r > r0. P̃0,C(r, kx, ω) is obviously equivalent to the spatial Fourier

transform coefficient P̃C(r, kx, ω) with respect to x and describes the three-dimensional
sound propagation produced by a circular source.

The driving function of a linear sound source DL(x, ω), which is appropriate for cancel-
ing out P̃0,C(r > r0, kx, ω) in (30), is analytically derived. From (4), the sound pressure

resulting from a linear source along the x-axis in the wavenumber domain P̃L(r, kx, ω) is
given as:

P̃L(r, kx, ω) = D̃L(kx, ω)G̃(r, kx, ω), (31)

To cancel P̃0,C(r>, r0, kx, ω) in (30) by D̃L(kx, ω),

P̃L(r, kx, ω) = −P̃0,C(r>, r0, kx, ω), (32)
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and from (5), (31) and (32), D̃L(kx, ω) can be analytically derived by the spectral division
method [37] as:

D̃L(kx, ω) =
−P̃0,C(r>, r0, kx, ω)

G̃(r, kx, ω)
= −J0(krr0)S(ω). (33)

Compared with 2.5D sound field synthesis [9–11, 28, 37, 40, 41], it is important that
D̃L(kx, ω) is independent of r and:

P̃L(r, kx, ω) =
j

4
H

(2)
0 (krr) J0 (krr0) , (34)

can be completely produced.
Finally, from (30) and (34), the total sound pressure produced by both the circular and

linear sources for r > r0 is completely canceled out for all r0 and kx

P̃C+L(r>, r0, kx, ω) = P̃0,C(r>, r0, kx, ω) + P̃L(r, kx, ω) = 0. (35)

The sound pressure produced for r < r0, however, is calculated from (29) and (34) as:

P̃C+L(r<, r0, kx, ω) = P̃0,C(r<, r0, kx, ω) + P̃L(r, kx, ω)

= −j

4
S(ω)

{
J0(krr)H

(2)
0 (krr0)− J0(krr0)H

(2)
0 (krr)

}
. (36)

As a result, (35) and (36) suggest that the ERC-CL can realize three-dimensional localized
sound area generation within r < r0 and the propagation distance can be controlled by
changing the radius of the circular source r0.
To calculate stable driving signals, D̃L(kx, ω) = 0 for k2

r = k2 − k2
x ≤ 0, corresponding

to the evanescent wave components [11,21]. The inverse spatial Fourier transform of (33)
is then analytically calculated from (41) in the Appendix and given as:

DL(x, ω) = −S(ω)

π
·
sin

(
k
√
x2 + r20

)
√

x2 + r20
for |k| > |kx|. (37)

In this case, the propagation wave components radiated by a circular sound source only
are cancelled out and (35) is represented as:

P̃C+L(r>, r0, kx, ω) =

{
0 for |k| > |kx|
− j

4
S(ω)j0(krr0)H

(2)
0 (krr) for |k| ≤ |kx|

, (38)

and (36) is also represented as:

P̃C+L(r<, r0, kx, ω) =


− j

4
S(ω)

{
J0(krr)H

(2)
0 (krr0)− J0(krr0)H

(2)
0 (krr)

}
for |k| > |kx|

− j
4
S(ω)j0(krr)H

(2)
0 (krr0) for |k| ≤ |kx|

, (39)

In a practical implementation, a circular and a linear array of loudspeakers is used
instead of continuous circular and linear sound sources. (27) and (37) must then be
discretized and (37) must be truncated.

3.3. Spatio-temporal forbidden frequencies. In sound field control outside the array
using a spherical or a circular array of loudspeakers [10,35], temporal forbidden frequen-

cies [22] corresponding to h
(2)
n (kR0) = 0 or H

(2)
n (kr0) = 0, dependent on the radius

of the array, are a problem, and their sound field is out of control. To control their
sound field, a rigid sphere or a rigid cylinder is introduced [10, 35]. In contrast, both
proposed methods theoretically employ an open spherical or an open circular array of
loudspeakers. However, (24), (25), (38) and (39) in both the proposed methods hold,
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Figure 6. Impulse response between a monopole at the origin and received
point at x = [0, 2, 0]T simulated using the image method. The rectangular
room was [15, 9, 3]T, reflection coefficient 0.75, number of reflection times
10 and reverberation time about 569 ms.

and (25) and (39) are not 0 even though h
(2)
0 (kR0) = 0 and H

(2)
0 (krr0) = 0. Therefore,

the temporal forbidden frequencies corresponding to h
(2)
0 (kR0) = 0 or H

(2)
0 (krr0) = 0

are not a problem in both proposed methods. Meanwhile, both proposed methods have
other spatio-temporal forbidden frequencies corresponding to when (25) and (39) are 0,

where j0(kR)h
(2)
0 (kR0) = j0(kR0)h

(2)
0 (kR), dependent on k, R0 and R in ERC-SP and

J0(krr)H
(2)
0 (krr0) = J0(krr0)H

(2)
0 (krr), dependent on k, kx, r0 and r in ERC-CL.

4. Experiments.

4.1. Experimental conditions. Computer simulations were conducted to evaluate both
proposed methods. In all the calculations, the speed of sound c is 343.26 m/s and the
sound source signal S(ω) = 1. The channel numbers of the spherical array for ERC-SP, the
circular and linear arrays for ERC-CL were NS = 162, NC = 32 and NL = 64, respectively.
The arrangement of the spherical array of 162 loudspeakers was calculated using the
subdivision method [42] and nearly equidensity on a spherical surface. The distance
between adjacent loudspeakers of the linear array was ∆x = 0.05 m. For evaluating
not only in three-dimensional free-field condition but also in a reverberant condition, the
reflections from the walls were simulated using the image method [43]. A rectangular room
[15, 9, 3]T was assumed, the reflection coefficient was 0.75 and the number of reflection
times was 10. In the reverberant condition, each array was set at the center of the
room. The simulated impulse response between a monopole sound source at the origin
and the received point at x = [0, 2, 0]T is shown in Fig. 6. The reverberation time of
the simulated room is about 569 ms.

4.2. Results. Figs. 7(a-1) to (c-2) show the results of the sound pressures produced by
a circular array, a linear array and both arrays, respectively. The radius of the circular
array was r0 = 0.25 m, and f = 3 kHz. Figs. 7(d-1) and (d-2) show the sound pressure
level of the produced sound pressure in Figs. 7(c-1) and (c-2). The results in Figs. 7(a-1)
to (c-2) suggest that the propagated sound pressure by a circular array PC(r, ω) for r > r0
is produced by a linear array with an antiphase of PL(r, ω), and the total sound pressure
produced can be efficiently canceled for r > r0. Moreover, the results of Figs. 7(d-1) and
(d-2) indicate that a localized sound zone can be generated at r < r0 not only for the
free-field but also in a reverberant environment.

The results of the sound pressure level of the total sound produced by both proposed
methods for f = 1 kHz in the free-field and reverberant conditions are depicted in
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Figure 7. Results of (a)-(c) produced sound pressure and (d) sound pres-
sure level by ERC-CL with the radius of the circular array r0 = 0.25 m for
f = 3 kHz in (1) the free-field condition and (2) the reverberant condition.
R {·} denotes the real part of the complex number. Blue circles are loud-
speakers. Channel numbers of the circular and linear arrays are NC = 32
and NL = 64. Distance between adjacent loudspeakers in the linear array
is ∆x = 0.05 m. Sound pressure level at x = [0, 0.1, 0]T is set to 0 dB in
(d).

Figs. 8(b-1) and (b-2) for ERC-SP with R0 = 0.8 m and Figs. 8(c-1) to (d-2) for ERC-CL
with r0 = 0.25 m and 0.4 m, respectively. The maximum distance between adjacent loud-
speakers of the spherical array in Figs. 8(b-1) and (b-2) was about 0.26 m and the spatial
Nyquist of ERC-SP in Figs. 8(b-1) and (b-2) was about 660 Hz. That of the ERC-CL
in Figs. 8(c-1) and (c-2) with r0 = 0.25 and in Figs. 8(d-1) and (d-2) with r0 = 0.4 was
about 3.4 and 2.2 kHz, respectively.
In addition, the sound pressure level produced by ERC-SP with R0 = 0.25 m at x = 0 m

and that of ERC-SP with r0 = 0.25 m and at x = 0 and 1 m for 0.01 < f < 5 kHz is
plotted in Figs. 9(b-1) to (d-2), respectively. The spatial Nyquist frequency of ERC-SP
in Figs. 9(b-1) and (b-2) was about 2.1 kHz and that of ERC-CL in Figs. 9(c-1) to (d-2)
was also about 3.4 kHz
These results are compared with those of a monopole point source respectively shown

in Figs. 8(a-1), (a-2) and 9(a-1) (a-2).
Throughout the experiments, the results of Figs. 8 and 9 suggest that both ERC-SP and

ERC-CL can generate localized sound zones within R < R0 and r < r0 effectively, relative
to a monopole sound source not only in a free-field but also in a reverberant condition.
Moreover, the results in Fig. 8(c-1) and (c-2) for r0 = 0.25 m and in Fig. 8(d-1) and (d-2)
for r0 = 0.4 m indicate that the propagation distance can be controlled by changing the
radius of a circular array.

5. Discussion. In this section, the proposed methods are evaluated using the experi-
mental results. In addition, extended work on actual implementations are discussed.
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(b-2) Reverberant condition

ERC-SP R0 =0.8 m
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ERC-CL r0 =0.4 m

Figure 8. Results of sound pressure level 20 log10 |P (x, ω)| produced by
(a) monopole point source, (b) ERC-SP with NS = 162 and (c)-(d) ERC-CL
with NC = 32, NL = 64, and ∆x = 0.05 m for f = 1 kHz in (1) the free-field
condition and (2) the reverberant condition. Blue circles are loudspeakers.
Sound pressure level at x = [0, 0.1, 0]T is set to 0 dB.

From the results of Figs. 8(b-1) and 9(b-1), ERC-SP perfectly cancels out external
radiation. As a result, there are no artifacts of reflections within the spatial Nyquist
frequency in Fig. 9(b-2) and a localized sound zone was generated even in a reverberant
environment. However, the results of Figs. 9(b-1) and (b-2) suggest that the higher the
temporal frequency of the sound produced f , the more artifacts occur beyond the spatial
Nyquist frequency.

Although the results of Figs. 9(b-1) and (b-2) use a spherical array of 162 loudspeakers
with r0 = 0.25 m, the spatial Nyquist frequency is only about 2.1 kHz and no listener
can be in the space because the size of the array is too small. This fact also suggests that
ERC-SP requires a huge number of loudspeakers for its practical implementation.

Compared with ERC-SP, the sound pressure is slightly propagated at r > r0 in the
results of ERC-CL as shown in Figs. 7(d-1) and (d-2), 8(c-1) to (d-2) and 9(c-1) to (d-2).
This is because (38) suggests that ERC-CL can only cancel out the propagation wave
components radiated from a circular array at r > r0 and the evanescent components are
radiated at r > r0. The evanescent wave components radiate about one wave length
corresponding to the temporal frequency [22] which can be seen in Figs. 9(c-1) to (d-2).
From Figs. 9(c-1) to (d-2), the spatial Nyquist frequency in Figs. 9(c-1) to (d-2) is about
3.4 kHz and ERC-CL cannot control the sound field beyond the Nyquist frequency.

ERC-CL uses a truncated linear array of loudspeakers and the truncation error cannot
be ignored and the external radiation cannot be cancelled around the edges of a linear
array when the radius of a circular array is large. Figs. 8(c-1) to (d-2) show that the
accuracy of cancelation of the external radiation was worse and artifacts of reflections
were observed when the radius of a circular array was large.

Although ERC-SP introduces a surrounding spherical array within which is difficult
for listeners to be, in ERC-CL, listeners can be in the control area at r < r0 without
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Figure 9. Results of sound pressure level 20 log10 |P (x, ω)| produced by
(a) monopole point source, (b) ERC-SP with NS = 162 and R0 = 0.25 m,
(c)-(d) ERC-CL with NC = 32, NL = 64, r0 = 0.25 m and ∆x = 0.05 m for
f = 0.01 to 5 kHz, 0.1 ≤ y ≤ 1 m and z = 0 m in (1) the free-field condition
and (2) the reverberant condition. Sound pressure level at x = [0, 0.1, 0]T

for f = 1 kHz is set to 0 dB.

x = 0. The results of Figs. 9(d-1) and (d-2) suggest that ERC-CL can effectively generate
a localized sound area on x = 1 in both the free-field and reverberant environments. As
a result, ERC-CL can generate a larger localized sound area with fewer loudspeakers and
is more suited for actual implementations than ERC-SP. Therefore, there is a trade-off
between ERC-SP and ERC-CL. The theoretical performance of ERC-SP is higher than
for ERC-CL but ERC-CL is more suited to actual implementation than ERC-SP.
An example of ERC-CL implementation combined with large displays is depicted in

Fig. 10. According to the simulation results of ERC-CL, each ERC-CL system with 96
loudspeakers whose length is about 3.2 m mounted above users can provide different
audio-visual contents to different users without headphones in a reverberant environment
up to f = 3.5 kHz which almost covers telephone speech quality. These loudspeaker arrays
and control systems can be implemented by actual consumer products. This application
is therefore expected to activate multimedia technology since it has never been realized
by conventional multiple sound zone generation approaches.
Finally, the extended work for actual implementation are discussed. Spatio-temporal

forbidden frequencies discussed in Sec. 3.3 are observed in Figs. 7(d-1), (d-2), 8(b-1)
to (d-2) and 9(b-1) to (d-2) as dips within R < R0 and r < r0. To solve this problem,
extended approaches, such as introducing another spherical or circular array with different
radius [44] as applied to an open spherical microphone array [45], are required as future
work. Although loudspeakers are assumed as omni-directional monopole sources in the
proposed methods, loudspeakers in actual environments are directional and not point
sources. Therefore, the proposed method should be extended to be suitable when using
such loudspeakers.

6. Conclusions. This paper proposed two effective localized sound zone generation meth-
ods based on external radiation cancelling for personal sound systems. The basic concept
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Figure 10. An example of ERC-CL implementation combined with large displays.

of the proposed methods is that the sound pressure produced by a spherical or a circular
loudspeaker array outside the sphere or circle is perfectly cancelled out using another
point source or linear loudspeaker array.

The radiation properties of linear, circular and spherical secondary monopole source
distributions were analytically derived. These formulations showed that the radiation
properties of a spherical or circular sound source outside the sphere or circle are different
from those inside them. From these properties, two localized sound zone generation
methods, one using a spherical loudspeaker array and a point source named ERC-SP
and the other using a circular and linear loudspeaker array combination named ERC-CL
were proposed. The driving signals and radiated sound pressures of both methods were
analytically derived.

The most important impact of this paper was that both proposed methods can generate
three-dimensional localized sound zones, in both a free-field condition and a reverberant
environment, by complete external radiation cancelling, whereas most previous studies
have taken only a two-dimensional sound field or free-field condition into account. This
impact was shown using analytically derived formulations and the results of the com-
puter simulations for both free-field and reverberant conditions. Moreover, the proposed
methods were compared using both formulations and results from computer simulations.
These comparisons suggested that there is a trade-off between them: The theoretical per-
formance of ERC-SP is better than ERC-CL but ERC-CL was more suited for actual
implementations than ERC-SP. An example of ERC-CL implementation combined with
large displays was presented and it is expected to advance multimedia technology.

Acknowledgment. This study was partly supported by JSPS KAKENHI Grant Num-
bers 25871208 and 15K21674.

Appendix: Inverse Fourier transform of 0-th order Bessel function. From the
inverse transform of the following relationships (3.876-1) [36]:∫ ∞

0

sin(p
√
x2 + a2)√

x2 + a2
cos bxdx =

{
π
2
J0

(
a
√
p2 + b2

)
for 0 < b < p

0 for 0 < b < p
, (40)
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where a > 0, and the inverse Fourier transform of the 0-th order Bessel function can be
analytically derived as:

1

2π

∫ ∞

−∞
J0(r0

√
k2 − k2

x)e
−jkxxdkx =

1

π
· sin(k

√
x2 + r20)√

x2 + r20
for |k| > |kx|. (41)
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