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Abstract. The algorithm of estimating bubble size distribution of the froth image is a
key process to realize automation control in related fields. A statistic model of bubble size
distribution in the froth image, based on uniform scanning and edge analysis, is estab-
lished with algorithms of estimating the average deviation angles and average eccentricity
as well as estimating the size distribution of round and elliptical bubbles. The simulation
results show that the bubbles’ transversal width distribution is similar to the size distribu-
tion, and the calculation result of estimating the elliptical bubbles’ distribution is closer
to the actual value than that of the method for estimating round bubbles’ distribution.
Keywords: Edge detection, Froth image, Bubble size distribution, Characteristics
recognition.

1. Introduction. Foam images are easily seen in such many fields as chemical industry,
metallurgical operation, water conservancy, shipping and nuclear industry [1, 2, 3, 4].
The morphological features of the bubble, including number, size, grey value and shapes,
are important markers during the industrial manufacturing process. For example, min-
eral flotation, with either too big or too small bubble size leading to low efficiency of
production, needs immediate manual handling [5].

In the idle state, the bubble is almost circular as the pressure around the bubble is
approaching balance. In the motion state, the factors such as viscous force, surface
tension and outer propulsive force influencing each other, cause the distortion of the
bubbles, which usually turn to elliptical ones, and their deviation angles, eccentricity,
moving direction, velocity, and surface viscosity are closely related [6]. One practical way
is to use image segmentation algorithms such as the watershed or valley edge exploration to
edge-segment the bubbles, then calculate respectively the deviation angle, eccentricity and
size of every single bubble, and at last figure out the whole characteristic information of the
froth image. There is an serious over-segmentation if the froth image is edge-segmented
by directly using the watershed method [7]. Yingying Gu and Xiaozhu Lin conducted
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an effective segmentation of the adhered slurry bubbles using watershed transformation,
and found the stationary physical features such as the number, color and size distribution
so as to evaluate, supervise and optimize the flotation process [8]. Rong Zeng proposed
an approach of multi-sided regional judgment as regard to the one-bubble-multi-focus
problem via the removal of the small basin marker caused by noise, having thus improved
the accuracy of segmenting large or medium-sized bubbles using watershed algorithm. To
solve the problems such as unsatisfactory image quality and uneven grey values of the
bubbles during the mineral flotation [9]. Chunhua Yang applied clustering and high-low-
hat transformation to enhance the degree of recognition; and, simultaneously, used area re-
structuring and top re-structuring transformation changed into watershed transformation
to extract accurate feature markers, thus improving the segmenting effect of the froth
image [10]. Though with different improvement, it is still hard to thoroughly eliminate
over-segmentation and under-segmentation with more time consumed and errors being
relatively big. The other major way to solve the problem is the method based on foam
feature determination. Bartolacci extracted foam patterns by using gray level concurrence
matrix and wavelet analysis, and applied the least square method to establish an empirical
model of the concentrate ore grades [11]. Moolman proposed a method to obtain the
average size of the copper ore flotation foam based on fast Fourier transform algorithm [12].
These feature determination algorithms are relatively simple and fast; but the calculation
is rough with large errors, thus lacking determination of the essential foam characteristics.
This paper proposes how to establish bubble’s transversal distribution model and to

estimate the number as well as size distribution of the bubbles in the froth image according
to their visually morphological characteristics by scanning the froth image to analyze the
bubble edges.

2. Bubble Edge Scanning of the Foam Image. Foam image consist of several differ-
ent sizes of bubbles and their background. Figure 1 shows the aluminum flotation process
with image sensor.

 

  

Figure 1. Aluminum flotation process with image sensor. A CCD camera
is set up at the place marked by red circle.

A foam image consists of a number of bubbles in a background, and Figure 2 shows
a typical foam image of aluminum flotation processing. Generally, workers determine
condition of aluminum flotation processing by estimating the distribution of bubble size
and number [13].
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The foam image is scanned between even intervals from a certain angle to produce a
number of scanning lines, each of which might penetrate various bubbles. At the same
time, a bubble might be penetrated by various scanning lines, with its width in direct
proportion to the number of scanning lines. If the scanning interval is smaller than the
width of the smallest bubble, then a bubble must be crossed by at least a scanning line
according to the smallest drawer principle.

Figure 2. A typical foam image with slash lines.

The foam image is scanned between even intervals from a certain angle to produce a
number of scanning lines, each of which might penetrate various bubbles. At the same
time, a bubble might be penetrated by various scanning lines, with its width in direct
proportion to the number of scanning lines. If the scanning interval is smaller than the
width of the smallest bubble, then a bubble must be crossed by at least a scanning line
according to the smallest drawer principle.

In figure 2, the foam image is graying and evenly bottom-left-to-top- right scanned.
The scanning line goes across different bubbles, and the number as well as the widths of
bubble serifs can be calculated through bubble edge detection of scanning lines.

3. Algorithm of Estimating the Bubble Size Distribution of Foam Images.

 

Figure 3. Scanning the bubble in direction of 45◦ with interval of d.
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3.1. Scanning foam images and analysis. Assuming bubbles in foam image are coax-
ial and similar to ellipse. Figure 3 shows the elliptical bubbles are uniformly scanned in
direction of 45◦ with interval of d. Mark out scanning lines across bubbles edge, so that
number and length of all serifs can be counted.

3.2. Estimating bubble shape. Since bubbles are coaxial similar to ellipse, according
to assumption, then a super bubble and coaxial and similar to original bubbles can be
obtained by merging all bubbles.

Definition 3.1. Assuming geometric center of super bubble is located at the origin (0, 0),
and the general elliptical equations as following:

a · x2 + b · x · y + c · y2 − 1 = 0 (1)

Providedhi(i=1, 2, 3, 4) serifs in the 0◦ direction, 45◦ direction, 90◦ direction, 135◦

direction are scanned, then we get sample points of super bubble edge: (h3·d
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dealing [14].

Definition 3.2. The formula estimating the semi-major axis length, the semi-minor axis
length, the angle of deflection, and eccentricity of super bubble as followings:

Φ =

√√√√ 2

a+ c−
√

(a− c)2 + b2
(2)

Υ =
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√
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√
1− Υ2

Φ2
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3.3. Statistics of bubble serif.

Definition 3.3. The equation of scanning line of 0◦ direction, 45◦ direction, 90◦ direction,
135◦ direction is as following:

0◦ : y = (2 · i− 1) · d
45◦ : y = x+

√
2
2
· (2 · i− 1) · d

90◦ : x = (2 · i− 1) · d
135◦ : y = −x−

√
2
2
· (2 · i− 1) · d

(6)

Definition 3.4. Suppose the smallest diameter of the recognizable bubble is 2 · e.

Definition 3.5. According to Definition 3.3, the bubbles are classified into m types with
the diameter of each type of bubbles being

(i+ 2) · e > Ri ≥ (i+ 1) · e (7)

in which i=1, 2, . . . , m.

Definition 3.6. Similarly, we classify serifs into m types, and the width of every type of
serif is:
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(i+ 2) · e > Li ≥ (i+ 1) · e (8)

in which i=1, 2, . . . , m.

Definition 3.7. Define Dij (i=1, 2, . . . , m; j=1, 2, . . . , i) as effective width of k(k≥j)
type serif obtained from scanning i type bubble.

Definition 3.8. Define Eij(i=1, 2, . . . , m; j=1, 2, . . . , i) as the quantity expectation of
j type serifs across i type bubbles.

Theorem 3.1. Set Dij = 0 for a convenient calculation. Then

Ei1 =
Di1 −Di2

d
=

(√
(i+ 1)2 − 4−

√
(i+ 1)2 − 9

)
· e
d

· · ·

Eij =
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(i+ 1)2 − (j + 1)2
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· e
d

· · ·
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d
=

√
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d

(9)

in which i=1, 2, . . . , m; j=1, 2, . . . , i.

3.4. Calculation of size distribution of circular bubble. Through uniform scanning,
a certain number of bubbles will be segmented by different scanning lines, or on the other
way round, every bubble is approximate to the combination of several serifs.

Definition 3.9. Define the number of bubbles in the foam image G is Ui(i=1, 2, . . . , m).

Definition 3.10. Define the number of different types of serifs is Vi(i=1, 2, . . . , m), so,

Vi =
m∑
j=i

Eij · Uj (10)

in which i=1, 2, . . . , m.

Theorem 3.2. Eij is the known coefficient. We can get the algorithm formula of Ui from
formula (5): 

Um = Vm/Emm

Um−1 = (Vm−1 − Em,m−1 · Um)/Em−1,m−1

...

Ui = (Vi −
m∑

j=i+1

Eij · Uj)/Eii

...

U1 = (V1 −
m∑
j=2

E2j · Uj)/E11

(11)

It’s easy to solve formula (11) so in turn we can get the product Ui(i = m, m-1, . . . ,
1) and it is the mere one. The product of Uicannot be negative, or the result would
be impractical. Taking into account of the fact that the bubbles are impossible to be
standard circular, we should permit an error in the calculation, so that Uican have a
non-whole-number product. But the error shouldn’t be too big, i.e., the value of Ui can’t
be too small. Therefore, Ui should be confined to Ui ≥ λ, in which λ refers to the bubble’s
approximate calculation threshold value in the range [0.7, 0.9].

The process of solving the formula is as follows:
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Figure 4. The process of calculating the size distribution of circular bubbles.

3.5. Calculation of size distribution of eclipse bubble.

Definition 3.11. If the foam image is evenly scanned from different angles for k times, we
calculate the bubble size distribution according to the method suggested in part 3.4 which
is respectively σ ij(i=1, 2, . . . , k; j=1, 2, . . . , m).

Definition 3.12. Assuming the radius of circular bubble with same area as supper bubble
be η, then

η2 = Φ ·Υ (12)

Theorem 3.3. The estimating formula for calculating the number of bubbles in a foam
image as is shown below:

σ =
1

k
·

k∑
i=1

m∑
j=1

σij (13)

Theorem 3.4. The weighted bubble size distribution of the foam image is:

σ̃ij =
σ

k
·

k∑
i=1

σij

m∑
j=1

σij

(14)
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4. Simulated Calculation. The foam image in Figure 1 is evenly scanned from direc-
tions of 0◦, 45◦, 90◦, and 135◦ with a interval of d = 10, and the smallest threshold value
of the serif’s width is h = 10. The edge analysis results are shown in figure 5.
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Figure 5. Multi-dimension scanning and edge analysis of a foam image,
which the white points are the dividing point of serifs.

The number of serifs obtained from sub graph (a), (b), (c), (d) are 386, 401, 460, 418.
With equation (1), (2), (3), (4), (5), we can estimate the fitted elliptic curve as shown

in figure 6.
The numbers of bubbles obtained from 4 different scanning angles are respectively

59.3977, 53.7407, 56.6462, 55.7019, and the bubble size distribution is shown in figure 7.
Figure 6 shows that the super bubble is nearly circular, and figure 7 shows that the

numbers of transversal lines obtained by scanning from 4 different directions of 0◦, 45◦,
90◦ and 135◦ are basically the same, with a similar transversal distribution. Therefore,
the morphological distribution of the bubbles is relatively symmetric.

Figure 6 shows: due to the bubble deformation, the valid scanning width in 0◦ direction
is larger than the diameter of a circle of the equal area; while that in 45◦ and 135◦ directions
approximate the diameter.

Thus, the estimated numbers of the transversal lines and bubbles in 0◦ direction are
both larger than the average values, and those in 90◦ direction are both smaller, while
those in 45◦ and 135◦ directions approximate the average.

Figure 7 shows that the transversal width distribution curves are quite similar to the
bubble size distribution curve.
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Figure 6. Fitted elliptic curve (θ = 0.1549, ω = 0.4227)
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(a) Angle of 0◦
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(b) Angle of 45◦
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(c) Angle of 90◦
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Figure 7. Bubble size & serif width distribution

The more large bubbles, the more long transversal lines; the less large bubbles, the less
long transversal lines; the more small bubbles, the more short transversal lines; and the
less small bubbles, the less short transversal lines. Conversely, the more long transversal
lines, the more large bubbles; the more short transversal lines, the more small bubbles.
So the transversal width distribution reflects the bubble size distribution, which conforms
to actual state.
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The bubble size distribution curve modified according to the average deviation angle
and eccentricity approximates the transversal width distribution curve, thus being more
reliable.

The estimated number of bubbles is 56.8587, and the manually calculated number of
bubbles is 58, both of which are basically the same as each other. This indicates that the
algorithm proposed in this paper is of high accuracy.

5. Conclusion. Usually the bubbles are round or elliptical. If the bubble is round, then
the number of times of scanning is always the same from whichever angle. If the bubble is
elliptical, then the number of times will be different when scanned from different angles. If
the scanning directions are in accordance with the ellipse’s long axis, then the number will
be the fewest, with the average transversal width being the largest; while the estimated
number of bubbles is relatively small, and the average bubble size is relatively big. If
the scanning direction is in accordance with the ellipse’s short axis, then the number of
times of bubbles being scanned will be the largest, with average transversal width being
the smallest, while the estimated number of bubbles is relatively large and the average
bubble size is relatively small.

The transversal width distribution obtained by multi-dimensional uniform scanning of
the froth image is similar to the bubble size distribution.

The average deviation angle and average eccentricity determine different scanning width
in different directions as well as different size distribution and number of bubbles.

The estimation algorithm for elliptical bubbles is based on the algorithm for round
bubbles, the former algorithm being more accurate than the latter one.
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