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Abstract—In this paper, basing on the existence of the
global solutions for coupled reaction-diffusion system with
and without impulses, impulsive synchronization of coupled
reaction-diffusion system is investigated. A criterion for the
solution of impulsive error system to be equi-attractive in the
large is determined. A numerical example is given to illus-
trated the theoretical result. As an application, an information
hiding scheme basing on impulsive synchronization of partial
differential system is developed. A simple information signal is
masked and recovered, simulation results show the method is
effective.

Keywords-reaction-diffusion system; impulsive synchroniza-
tion; information hiding.

I. INTRODUCTION

The theory of impulsive ordinary differential equations
and its applications to the fields of science and engineering
have been very active research topics[1-2]. Extending the
theory of impulsive differential equations to partial dif-
ferential equations has also gained considerable attention
recently[3-4]. Unfortunately, there has been few theory on
impulsive synchronization of PDE. Moreover, since the PDE
have more complex dynamics in comparison with ODE’s,
using impulsive synchronization to information hiding have
more advantage, there has been few work about it.

In this paper, an interaction of predator and prey species
is considered, the main object of this investigation is the fol-
lowing two-dimensional coupled reaction-diffusion system:

up — aAu = f(u,v), in Q x (0,00)

vy — cAu — dAv = g(u,v), in Q x (0,00)
u=1v=0, on 00 x (0,00) (1.1)
u(z,0) = ug(x), in Q

v(z,0) = vo(x), in Q

where € is a bounded open set in R™ with smooth boundary
0Q. This system has been introduced by Shigesada et
al.[5] as a model of the population dynamics in € of
two competitive species which move under the influence of
population pressure and of environmental parameters. The
functions u(x,t) and v(x,t)determine the densities of prey
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and predator, respectively, at a space point x and time t.
Denote by Au = >, _, 8*u/dz3 the Laplace operator.

Biological species can undergo discrete changes of rela-
tively short duration at fixed timed (for examples, due to
stocking or harvesting of species), Moreover, continuous
changes in environmental parameters such as temperature
or rainfall can also create discontinuous outbreaks in pest
populations[6]. Systems with such kinds of discontinuous
changes can be investigated by the theory of impulsive
differential equations[7]. Therefore, there have been a num-
ber of studies which have applied the theory to biological
problems[8]. The impulsive reaction-diffusion system can be
described as follows:

ug — aAu = f(u,v)

vy — cAu — dAv = g(u, v

Ju(z,t) = —qru,

Ju(z,t) = —pyo,
u(z,0) = ug(z),v(x,0) = vo(z),z € Q
u=v=0, €0, teR,.

))}t¢tmxeﬁ

t=tp,x €0 (1.2)

where k = 1,2,..., and Ju(z,t) = u(z,t{) — u(z,t;),
for all z € Q, u(z,t) = limtﬂtz u(t, ), Juv(z,t) has the
similar definition as Ju(x,t). p,qx € R are constants. The
moments of impulse satisfy 0 < ¢ < o < ... < t <
tht1 < ..., and tp — oo, as k — oco. a > 0,d > 0,
c € R, f,g R2+ — R are given functions which
satisfy the locally Lipschitz conditions. ug,vo are initial
given nonnegative functions which are assumed to satisfy
the following conditions:

Up, Vo S H1+E(Q)7
u=v=0,

0<exl1

(Ho) : { x € 00

For system (1.1), we have the following result about the
existence of the global solutions.
Theorem 1 [9] If systems (1.1) satisfies the assumptions
(Hy) and the following assumptions (Hj):

(cl) For all u,v € R, f(u,v) < aju+ ag;

(c2) For all u,v € R, [vg(u,v)| < C1(u)v? + Cz(u), and
Af + Bg < Ci(u)v + Ca(u);
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(€3) f(r,s), fr(r,s), fs(r,5),9(r, 5), 90 (7, 5), g5 (7, 5) are
polynomically bounded;

(c4) Yu,v >0, f(0,v) > 0,g(u,0) > 0.

then systems (1.1) has an unique global solution (u,v),
such that for all 0 < T < oo,

u,v € C(0,T], H*(Q)) N C*((0,T), L*(2)).

Secondly, the existence of the global solutions for im-
pulsive coupled reaction-diffusion system (1.2) has been
obtained.

Theorem 2 [9] If the assumptions (Hy) and (H;) hold, then
systems (1.2) has an unique global solution (u, v), such that
forall k=1,2,...,

w,v € C((t, tora], H2()) N CH((ty, trsn], L2(S)).

where u(tri1) = ultyy ), v(trr1) = v(t, )

In this paper, on the basis of Theorem 1 and Theorem 2,
the impulsive synchronization of coupled reaction-diffusion
systems (1.1) is considered.

Here, system (1.1) is the driving system, and the driven
system with impulsive control is given by

iy — aAu = f(u,0)
By — cAl — dAv = g(i, D) t#tg,x €Q
Ju(z,t) = —qi(u — @) t=tpz €0 (1.3)

Ju(z,t) = —pr(v — D)
a(z,0) = tp(x),v(x,0) = To(x),z € N
u=v=0, x €00, te€ Ry

where f, g satisfy the following Lipschitz conditions with
Ly > 0:

(u—w)[f(u,v) = f(@,0)] + (v —0)[g(u,v) — g(u,v)]
< Lol(u—a)?+ (v —10)%. (14)

Let e = (e1,e2)T (u — w,v — v)*, The following
impulsive synchronization error system is obtained:

91— aley = 1y (e1, €2)
% — cAel — dAeg = ’(/)2(61, 62)
Jei(z,t) = qrer
Jes(x,t) = pres
e1(x,0) = ed(x), ez(z,0) = eS(z),2 € Q
61:62:0, xG@Q, t€R+

}t%tk,IEQ

t=tg,x €N

(1.5)
where €9(z) = wuo(z) — to(x), e3(x) = vo(z) — Vo(x),
and ¥1(e1, e2) = f(u,v) — f(a,0), P2(e1, e2) = g(u,v) —
9(u,v).

We introduce the definition of equi-attractive in the large
as following:
Definition 1 Solutions of impulsive system (1.5) are said to
be equi-attractive in the large if for each € > 0, > 0 and
to € RT, there exist a number Z = Z(tg,¢,a) > 0 such
that |e(0,t)||2 < « implies ||e(z,t)||2 < € for t > o+ Z.

In [10] A. Khadra, X. Z. Liu and X. M. Shen study
impulsive synchronization of system (1.1) in case ¢
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0,9 = [0,L] and f(u,v) = —uv? + a(l — u), g(u,v)
uv? —(a+b)v, obtain some sufficient conditions under which
the synchronization error system is equi-atrractive in large.

II. IMPULSIVE SYNCHRONIZATION OF COUPLED
REACTION-DIFFUSION SYSTEMS

For the convenience of depiction, the well-known

Poincaré inequality is firstly introduced:
Lemma 3[11] If u € H{ (), then

/\U\degco/ |Vu|2dx
Q Q

where ¢ be called the Poincaré constant (if {2 = [0, L], then
L

)

Theorem 4 Let

2.1)

Co =

2 = max{(1+ qx)?, (1 + px)*},

1
ag = §[a+d+ Ve + (a—d)?,
if
(Lo — aocg)AkH +1n qg < 7rg, Zrk =—00. (22)
k=1

then system (1.5) is equi-attractive in the large.
Proof. Let us choose Lyapunov function

Vie(z,t)) = ! /Q(e%(ac,t) + e2(z,t))dx.

2
For all t € (tg,tg+1], @ =1,2,..., from (1.5), we obtain

/ ger , , deo
o\t

+ 62) dx
[ ettt - s,

D} V(e) -

+d / €9 AEQ
Q

According the assumptions (1.4), we have

[ ettt = oy + [

Q

e2(g(u,v) = g(u,))
< Lolle|3
According (2.3), we have
D[V (e)
< Lollel? - /Q (a\V61|2 + Ve Veg + d|V€2|2()2.4)

For any ¢ > 0,

—(alVe1|? + cVe1Vey + d|Vey|?)

ce c
< —(a— Vel = (d = o )[Veal,



Noting that ¢ — 4ad < 0, we can take the ¢ satisfy the
following condition

ce c
R
‘T 2¢’
ie.
a—d+ /2 + (a—d)?
g =
let
c a+d+ /2 + (a—d)?
a =a— ;e = 5 :

then, (2.4) becomes

DiV(e) < Lollel} ~an [ (Verl*IVea). 29
Q

By the Poincare inequality
/ (u +ud) < / (VP [Vusl?), = (ur,uz) € HA(9).
Q Q

there ¢o is the Poincare constant (if @ = [0, L], then ¢y =
;)From (2.5), we have
DV (e) < (Lo — aocj)lell3 2.6)
ie.
V(e(tyi1,2)) = exp(Lo — aocg)V (e(t), x)) 2.7

By the structure of the impulses given in system (1.5),
from

el(t:,x) —e1(tr, ) = qrer(ty, x),
62(tZ7$) — ea(ty, v) = pre1(tr, ),
we can obtain

el(tZ,I) = (1 + Qk)el(tk,$)7

ea(t, ) = (1 + pr)ea(ty, z).
V(e(ty,z))
%/Q[(l + qr)?e3 (tr, x) + (1 + pr)2ed(ty, x)]dx
(2.8)

let ¢} = max{(1+qx)?, (1+px)?}, then (2.7), (2.8) implies
that

V(e(trt1,2))
) exp[(Lo — aocg) g 1]V (e(ty, z))
exp[(Lg — aocg)AkH +1n qg]V(e(tk, x)).(2.9)

IN
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ie.
V(e(thi1, )
k
< exp <Z[(L0 —agcd)Aiy1 +1n q?]) Ve(t1, z))
i=1
k
< exp (Z ri> V(e(ty,z)). (2.10)
i=1
Therefore, from (2.2), we have
lim V(e(tg,z)) =0 (2.11)

k—oo
III. SIMULATION RESULTS OF IMPULSIVE
SYNCHRONIZATION

Consider the impulsive synchronization of the following
coupled reaction-diffusion systems:

9 gAuy =1
o alAuq + uy + cosvy cl0. L.t € RT
%—cAul—dAm:ul—sinvl v € [0, L],

up=v1 =0, c=0,L
ur(z,0) = uip(x),v1(x,0) = v1p(z), x € [0, L]
(3.1)
Here, system (3.1) is the driving system, and the driven
system with impulsive control is given by

2 gAuy =1

i — @RUz = 1+ uz + cosvy t#tg,z €0, L
—aé’f — cAug — dAvy = ug — sinvg 7 tiy 2 € [0, 1]
Jug(z,t) = —qr(ug — u2)

t=tr,x€|0,L
Jua(z,t) = —pr(vy — v2) } k 10, Z}
us=v2 =0, x=0,L, te R,.
uz(x,0) = ugg(x),v2(x,0) = voo(x),z € [0, L]
(3.2)
Then, the impulsive synchronization error system is given
by

L‘?Z@1+COSU1*COSU2+QA61 } t # tg,
52 = e —sinwy +sinvy + cAey + dAey z €[0,L]
azta di—neepn

eg=e=0, x=0,L, te€ Ry.

e1(z,0) = e1o(x), e2(x,0) = exo(x), z € [0, L]

(3.3)
where €1 = uj; — ug,ea = v1 — vo,e10(z) = uip(x) —
UQ()(.’E),QQ()(I) = 1)10(17) — Ugo(l?). Since f(ui,vi) = ].+
u; + cosvy, g(ug,v;) = u; —sinwvg, i = 1,2, let Ly = 1

satisfying the condition (1.4). According to Theorem 4, we

choose 7, = —In~y (7 > 1), obtain the following theorem.
Theorem 5 If 272 — [a + d + \/c? + (a — d)?|L? > 0, and
—27%1n(¢?
thar —t < (2x7)

212 —[a+d+ /c? + (a — d)?]L?

where v > 1, then the impulsive synchronization error
system (3.3) is equi-attractive in the large.

In the following simulations, the initial conditions are
given (Ulo(l‘),l}lo(x)) = (1,1) and (UQO($),020(I))



(1.5,1.5), the impulses are equidistant from each other and
separated by § = 0.01. We choose L =2 ,a=c=d =1,
and qx = pk f%, v = 1.5 satisfying Theorem 5.
Fig 1 and Fig 2 show the propagation of the solutions
u1(t,z) and vi(t,x), respectively. Fig 3 shows the quick
convergence of the error system to zeros in 0.5 s in which
e(t,z) = (e1,ez)t

Figure 2: Propagation of v1 (¢, ) in system (3.1)
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Figure 3: ||e(t, z)||2 converging to zero in system (3.3)

IV. APPLICATION IN INFORMATION HIDING

We are interested in applying the results from Section
2 and 3 to design an information hiding system with
impulsive synchronization. The proposed system contains
two partial differential systems (ui,v1) and (us,vs2), not
necessarily identical, which are used to mask-modulate at the
transmitter end and unmask the information signal m(¢, x)
at the receiver end, respectively. The masking-modulating
process of m(t, ) is done through the operation: h(t,z) =
H(m,uy,v1). s(t,z) is the transmitted signal; it consists of
a sequence of time frames 7'. Each time frame is divided
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Fioure 5: Encrvnted sienal h(t. x)

Figure 6: Recovered signal m* (¢, x)

into two regions: Synchronizing-impulses region of length
@, where the impulses are loaded, and the encryption region
of length T' — @), where h(t,x) is loaded. The two regions
are combined at the transmitter and the sent across a public
channel to the receiver. At the receiver, each time frame
of s(t,x) is decomposed into the encrypted message h(t, x)
and the synchronizing impulses. At this point, h(¢, ) is used
to drive the system (ug,vs), whereas the impulses are used
to impulsively synchronize (ug,vs) with (uq,v1). When
synchronization is achieved, we have (ug,vs) ~ (u1,v1).
Thus, the decryption process becomes feasible and (usg, v2)
may be used to recover the original information in the
following way

m(t,z) =~ m*(t,r) = H *(h,uz,vs).

~
~

As an example of the above scheme, we shall try to hide
the information signals given by m(t,z) = sin(t? + z2).
This will be done use the two coupled reaction-diffusion
systems (3.1) and (3.2). The masking-modulating process



of m(t,x) is done through h(t,x) = m + u; + v;. The
relevant parameters of systems and scheme of impulsive
synchronization are chose as in Section 3. The original
signal m(¢, x) and the encrypted signal h(¢,x) are shown in
Fig 4 and 5, respectively. Fig 6 shows the recovered signal
m* (¢, z). The simulation results show the information hiding
scheme is effective.
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