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Abstract — Kernel principal component analysis

(KPCA) has been widely applied in pattern recognition
areas, but it endures the high store space and time con-

suming problems on feature extraction in the practical ap-

plications. In this paper, we propose a novel Refined ker-
nel principal component analysis (RKPCA) based feature

extraction with adaptively choosing the few samples from
the training sample set but with less influence on recog-

nition performance in the practical applications. Experi-

mental results on seven datasets show the proposed algo-
rithm achieves the approximate error rates but only about

20%–30% training samples. RKPCA performs well on the
conditions of high computation efficiency but not a strict

on recognition accuracy.
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I. Introduction

In pattern recognition and in image processing, feature

extraction based no dimensionality reduction plays the im-

portant role in the relative areas. Feature extraction sim-

plifies the amount of resources required to describe a large

set of data accurately for classification and clustering. On

the algorithms, when the input data is too large to be pro-

cessed and it is suspected to be notoriously redundant (much

data, but not much information), then the input data will be

transformed into a reduced representation set of features also

named features vector with linear transformation or the non-

linear transformation. Transforming the input data into the

set of features is called feature extraction. If the features ex-

tracted are carefully chosen it is expected that the features

set will extract the relevant information from the input data

in order to perform the desired task using this reduced rep-

resentation instead of the full size input data. In the past

research works, there are many applications such as image

denoising[1], stochastic complexity regularization[2], Sequence

outlier detection[3], face detection[4], facial expressions[5], bio-

metrics recognition[6]. Many algorithms are presented in the

previous work. Principal component analysis and linear dis-

criminant analysis[7] are the most popular dimensionality re-

duction for feature extraction. For many complicated feature

extraction applications, recently the nonlinear kernel based

dimensionality reduction method are applied into extend the

linear method to develop kernel component analysis and kernel

discriminant analysis[8,9]. With kernel method in the practi-

cal application, all training samples must be saved and com-

puted for feature extraction, which occurs the time consuming

and space storing problems. In order to solve these problems,

we present a novel feature extraction namely Refined kernel

principal component analysis (RKPCA) in this paper. With

RKPCA, only a few of training samples are computed in the

algorithm procedure.

The rest of this paper is organized as follows. Section II re-

views and analyzes KPCA algorithm, and Section III presents

the proposed algorithm mainly on theoretical derivations and

algorithm procedure. Finally, in Section IV some experiments

are implemented to evaluate the performance of the proposed

algorithms compared with the previous work. Conclusion is

summarized in Section V.

II. Refined Kernel Principal Component
Analysis

1. Reviewing of KPCA

Kernel principal component analysis (KPCA) is the exten-

sion of Principal component analysis (PCA) as the linear fea-

ture extraction. The main idea of KPCA is to project the input

data from the linear space into the nonlinear space, and then

implement PCA in the nonlinear feature space for feature ex-

traction. By introducing the kernel trick, PCA is extended into

KPCA algorithm. The detail theoretical derivation is shown

as follows.

C =
1

n

n∑
i=1

(Φ(xi) − Φ̄)(Φ(xi) − Φ̄)T (1)

where Φ̄ =
1

n

n∑
i=1

Φ(xi), and let C̃ =
1

n

n∑
i=1

Φ(xi)Φ(xi)
T and

Q = [Φ(x1), · · · , Φ(xn)], then C̃ =
1

n
QQT .
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According to R̃ = QT Q, with the kernel function, then

R̃ij = Φ(xi)
T Φ(xj) = 〈Φ(xi),Φ(xj)〉 = k(xi, xj) (2)

Compute the eigenvectors u1, u2, · · · , um according to the mth

eigenvalue λ1 ≥ λ2 ≥ · · · ≥ λm of R, then w1, w2, · · · , wm is

calculated by

wj =
1√
λj

Quj , j = 1, 2, · · · , m (3)

Accordingly, R = R̂−1nR̂−R̂1n +1nR̂1n, where (1n)ij = 1/n

(i, j = 1, 2, · · · , n), then

yj = wT
j x =

1√
λj

uT
j [k(x1, x), k(x2, x), · · · , k(xn, x)] (4)

PCA based feature extraction needs to store the r × m co-

efficient matrix W , where r is the number of principal com-

ponents, and m is the number of training samples. While

KPCA based feature extraction need to store the original sam-

ple information owing to computing the kernel matrix with all

training samples, which leads to a huge store space and a high

computing consuming.

2. Theory derivation of RKPCA

In this section, we present a novel learning called Refined

kernel principal component analysis (RKPCA) with the view-

point of Support vector machine (SVM). In SVM, only few

support vectors are meaning for classification, and other sam-

ples can be ignored for training the classifier. We introduce the

idea of SVM into KPCA, and choose the few training samples

for KPCA. Firstly we apply a Least squares support vector ma-

chine (LS-SVM) formulation to KPCA which is interpreted as

a one-class modeling problem with a target value equal to zero

around which one maximizes the variance. Then, the objective

function can be described as

max
w

N∑
i=1

[0 − wT (φ(xi) − uφ)]2 (5)

where φ : R
N → R

l denotes the mapping to a high-dimensional

feature space and uφ =
1

N

N∑
i=1

φ(xi). We formulate KPCA

with direct sparse kernel learning method, and we also use the

phase “expansion coefficients” and “expansion vectors” Sup-

posed a matrix Z = [z1, z2, · · · , zNz ], Z ∈ R
N×N , composed of

Nz expansion vectors, and βi (i = 1, 2, · · · , Nz)(Nz < N) are

expansion coefficients, we modify the optimization problem to

the following constraint optimization problem:

max
w,e

J(w, e) = − 1

2
wT w +

γ

2

N∑
i=1

e2
i

subject to ei =wT (φ(xi) − uφ), i = 1, 2, · · · , N

w =

Nz∑
i=1

φ(zi)βi (6)

where φ(Z) = [φ(z1), φ(z2), · · · , φ(zNz )]. Now our goal is to

solve the above optimization problem. We can divide the

above optimization problem into two steps, one is to find the

optimal expansion vectors and expansion coefficients; second

is to find the optimal projection matrix. When Z is fixed, then

we apply the kernel function, that is, k(x, y) = 〈Φ(x),Φ(y)〉.
Given a random Z, then the above problem is same to the

following problem.

W (Z) := max
β,e

−1

2
βT Kzβ +

γ

2

N∑
i=1

e2
i

subject to ei =βT g(xi), i = 1, 2, · · · , N (7)

where

g(xi) =

[
k(z1, xi) − 1

N

N∑
q=1

k(z1, xq) · · · k(zNz
, xi)

− 1

N

N∑
q=1

k(zNz
, xq)

]T

,

β = [β1, β2, · · · , βNz ]T ,

Kz = [k(zi, zj)]

The solution of the above constrained optimization problem

can often be found by using the so-called Lagrangian method.

We define the Lagrangian method

L(β, e, α) = − 1

2
βT Kzβ +

γ

2

N∑
i=1

e2
i

−
N∑

i=1

αi(ei − βT g(xi)) (8)

with the parameter αi, i = 1, 2, · · · , N . The Lagrangian

L must be maximized with respect to β, αi, and ei (i =

1, 2, · · · , N), and the derivatives of L with respect to them

must vanish. We can obtain the optimal solution αz, which is

an eigenvector of the GT (Kz)
−1G corresponding to the largest

eigenvalue.

βz = (Kz)−1Gαz (9)

where G = [g(x1), g(x2), · · · , g(xN)], and now our goal is to

find the optimal Z that maximizes the following equation.

W (Z) = −1

2
(βz)T Kz(βz) +

γ

2
(βz)T GGT (βz) (10)

So it is easy to achieve Z∗ to maximize the above Eq.(10).

After we obtain Z∗, and we can obtain A = [α1, α2, · · · , αm]

corresponding to the largest eigenvalue of GT (Kz)−1G. Then

we can obtain

B = (Kz)
−1GA (11)

Then, for a input vector x, its feature Yx is calculated with

the following equation.

Yx = BKZX (12)

where KZX is the kernel vector calculated with the input vec-

tor x and the refined training set Z∗.
As above discussion from the theoretical viewpoints, Re-

fined kernel principal component analysis (RKPCA) algorithm

adaptively chooses the few samples from the training sample

set but little influence on recognition performance, which saves

much space of storing training samples for computing the ker-

nel matrix with lower time consuming. So in the practical

applications, RKPCA can solve the limitation from KPCA

owing to its high store space and time consuming its ability

on feature extraction. So from the theory viewpoint, RKPCA
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is adaptive to the applications with the demand of the strict

computation efficiency but not strict on recognition.

III. Simulation Results

Firstly, we use the six UCI datasets popular widely in pat-

tern recognition area to testify the performance of the pro-

posed algorithm compared with the KPCA algorithm using

the part of training samples and the whole size of samples.

In the experiments, we randomly the one hundred of training

samples on each training sample set, especially 20 parts on

Image and Splice dataset. In the experiments, we choose the

Gaussian kernel with its parameters determined by the train-

ing samples. The experimental results are shown in Table 1

and Table 2, and the second column shows the error rate of

each algorithm on the corresponding dataset. The third col-

umn shows the number of training samples in Table 1, and

the number of training samples in the proposed algorithm in

Table 2. And in the brackets denote the ratio between the

number of training samples of KPCA with the common train-

ing method and the proposed training samples. The results

show that the proposed algorithm achieves the similar recog-

nition performance, but the proposed algorithm only use the

less size of training set. For example, only 8% training sam-

ples are used but only error rate 2.8% higher than the common

methods. Since only small size of training samples are applied

in the proposed algorithm, so it saves store more place and

time consuming compared with the traditional KPCA.

Secondly, we elevate the performance on Wisconsin breast

cancer database[10] consisting of 569 instances including 357

benign samples and 212 malignant samples. And each one

represents FNA test measurements for one diagnosis case. For

this dataset each instance has 32 attributes, where the first

two attributes correspond to a unique identification number

and the diagnosis status (benign or malignant). The rest 30

features are computations for ten real-valued features, along

with their mean, standard error and the mean of the three

largest values (“worst” value) for each cell nucleus respectively.

As shown in Table 3, the recognition accuracy 5.4% and 3.8%

are achieved by the common training method and the pro-

posed training method. But only 37% training samples are

applied in the training procedure. As shown in the Table 3,

only 37% training samples are used but only error rate 1.6%

higher than the common methods. Some storing space is saved

and high computation efficiency is achieved for the practical

applications.

Table 1. Recognition performance of KPCA

Datasets Error rate (%) Training samples

Banana 13.6±0.1 400

Image 4.8 ± 0.4 1300

F.Solar 31.4 ± 2.1 666

Splice 8.6 ± 0.8 1000

Thyroid 2.1 ± 1.0 140

Titanic 22.8 ± 0.3 150

From the above experimental results, we can obtain the

similar recognition accuracy but the smaller size of training

samples. So, owing to its high store space and time consum-

ing its ability on feature extraction is decreased in the practi-

cal applications. Refined kernel principal component analysis

(RKPCA) saves much space of storing training samples for

computing the kernel matrix with lower time consuming com-

pared with Kernel principal component analysis (KPCA). On

the two datasets, the results show that only 8% training sam-

ples are used but only error rate 2.8% higher than the common

methods on UCI datasets, and only 37% training samples are

used but only error rate 1.6% higher than KPCA method.

Table 2. Recognition performance of RKPCA

Datasets Error rate (%) Training samples

Banana 14.2 ± 0.1 120 (30%)

Image 5.4 ± 0.3 180 (14%)

F.Solar 34.2 ± 2.3 50 (8%)

Splice 9.4 ± 0.9 280 (28%)

Thyroid 2.2 ± 1.3 30 (21%)

Titanic 24.4 ± 0.4 30 (20%)

Table 3. Performance comparison

on KPCA and RKPCA

Algorithms Error rate (%) Training samples

RKPCA 5.4 ± 0.3 110 (37%)

KPCA 3.8 ± 0.4 300

IV. Conclusion

In this paper, we propose a novel feature extraction

namely Refined kernel principal component analysis (RKPCA)

through adaptively choosing the few samples from the train-

ing sample set but little influence on recognition performance.

RKPCA saves much space of storing training samples for com-

puting the kernel matrix with lower time consuming in the

practical applications. RKPCA overcomes the limitation en-

dured by KPCA including the high store space and time con-

suming, and has many applications in image classification, face

recognition, and speech recognition.
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