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a  b  s  t  r  a  c  t

A  review  of  the methods  used  in the  design  of  interval  type-2  fuzzy  controllers  has  been  considered
in  this  work.  The  fundamental  focus  of  the  work  is  based  on  the  basic  reasons  for  optimizing  type-
2  fuzzy  controllers  for  different  areas  of  application.  Recently,  bio-inspired  methods  have  emerged  as
powerful  optimization  algorithms  for  solving  complex  problems.  In  the  case  of designing  type-2  fuzzy
controllers  for particular  applications,  the  use of  bio-inspired  optimization  methods  have  helped  in the
eywords:
ype-2 fuzzy controllers
io-inspired methods
esign and optimization

complex  task  of  finding  the  appropriate  parameter  values  and  structure  of  the  fuzzy  systems.  In this
review,  we  consider  the  application  of  genetic  algorithms,  particle  swarm  optimization  and  ant colony
optimization  as  three  different  paradigms  that help  in  the  design  of  optimal  type-2  fuzzy controllers.
We  also  mention  alternative  approaches  to  designing  type-2  fuzzy  controllers  without  optimization
techniques.  We  also  provide  a comparison  of  the  different  optimization  methods  for  the  case  of  designing

type-2  fuzzy  controllers.

. Introduction

Uncertainty affects decision-making and emerges in a num-
er of different forms. The concept of information is inherently
ssociated with the concept of uncertainty [49,53].  The most fun-
amental aspect of this connection is that the uncertainty involved

n any problem-solving situation is a result of some information
eficiency, which may  be incomplete, imprecise, fragmentary, not
ully reliable, vague, contradictory, or deficient in some other way.
ncertainty is an attribute of information [69]. The general frame-
ork of fuzzy reasoning allows handling much of this uncertainty

nd fuzzy systems employ type-1 fuzzy sets, which represent
ncertainty by numbers in the range [0, 1]. When an entity is uncer-
ain, like a measurement, it is difficult to determine its exact value,
nd of course type-1 fuzzy sets make more sense than traditional
ets [69]. However, it is not reasonable to use an accurate mem-
ership function for something uncertain, so in this case what we
eed is another type of fuzzy sets, those which are able to han-
le these uncertainties, the so called type-2 fuzzy sets [13]. The
mount of uncertainty in a system can be reduced by using type-

 fuzzy logic because this logic offers better capabilities to handle
inguistic uncertainties by modeling vagueness and unreliability of
nformation [61,68].

Type-2 fuzzy models have emerged as an interesting general-
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

zation of fuzzy models based upon type-1 fuzzy sets [13,30]. There
ave been a number of claims put forward as to the relevance of
ype-2 fuzzy sets being regarded as generic building constructs of
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fuzzy models [26,59,64].  Likewise, there is a record of some experi-
mental evidence showing some improvements in terms of accuracy
of fuzzy models of type-2 over their type-1 counterparts [20,27,44].
Unfortunately, no systematic and comprehensive design frame-
work has been provided and while improvements over type-1 fuzzy
models were evidenced, it is not clear whether this effect could
always be expected. Furthermore, it is not demonstrated whether
the improvement is substantial enough and fully legitimized given
the substantial optimization overhead associated with the design
of this category of models. There have been a lot of applications
of type-2 in intelligent control [9,14,30,31,50], pattern recognition
[54], intelligent manufacturing [27,52,71],  and others [2,17–19].
Similarly, optimization methods have also been applied in the
design of optimal type-1 fuzzy systems in diverse areas of appli-
cation [1,3–5,23,32,33,38,58].  However, no general design strategy
for finding the optimal type-2 fuzzy model has been proposed, and
for this reason bio-inspired algorithms have been used to try in find
these optimal type-2 models.

In general, the methods for designing a type-2 fuzzy model
based on experimental data can be classified into two categories.
The first category of methods assumes that an optimal (in some
sense) type-1 fuzzy model has already been designed and after-
wards a type-2 fuzzy model is constructed through some sound
augmentation of the existing model. The second class of design
methods is concerned with the construction of the type-2 fuzzy
model directly from experimental data. In both cases, an optimiza-
tion method can help in obtaining the optimal type-2 fuzzy model
he design and optimization of interval type-2 fuzzy controllers,

for the particular application.
Recently, bio-inspired methods have emerged as powerful opti-

mization algorithms for solving complex problems. In the case of
designing type-2 fuzzy controllers for particular applications, the
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Fig. 1. Type-2 membership function as a blurred type-1 membership function.

se of bio-inspired optimization methods have helped in the com-
lex task of finding the appropriate parameter values and structure
f the fuzzy systems. In this review, we consider the application
f genetic algorithms, particle swarm optimization and ant colony
ptimization as three different paradigms that help in the design
f optimal type-2 fuzzy controllers. We  also mention some hybrid
pproaches and other optimization methods that have been applied
n problem of designing optimal type-2 fuzzy controllers in differ-
nt domains of application.

. Type-2 fuzzy logic systems

In this section, a brief overview of type-2 fuzzy systems is pre-
ented. This overview is intended to provide the basic concepts
eeded to understand the methods and algorithms presented later

n the paper [10,13].
If for a type-1 membership function, we blur it to the left and to

he right, as illustrated in Fig. 1, then a type-2 membership function
s produced. In this case, for a specific value x′, the membership
unction (u′), takes on different values, which are not all weighted
he same, so we can assign membership grades to all of those points.

By doing this for all x ∈ X, we form a three-dimensional member-
hip function – a type-2 membership function – that characterizes

 type-2 fuzzy set [13]. A type-2 fuzzy set Ã,  is characterized by the
embership function:

˜
 = {((x, u), �Ã(x, u))|∀x ∈ X, ∀u ∈ Jx ⊆ [0,  1]}  (1)

n which 0 ≤ �Ã(x, u) ≤ 1. In fact Jx ⊆ [0, 1] represents the primary
embership of x, and �Ã(x, u) is a type-1 fuzzy set known as the

econdary set. Hence, a type-2 membership grade can be any sub-
et in [0, 1], the primary membership, and corresponding to each
rimary membership, there is a secondary membership (which can
lso be in [0, 1]) that defines the possibilities for the primary mem-
ership. Uncertainty is represented by a region, which is called
he footprint of uncertainty (FOU). When �Ã(x, u) = 1, ∀u ∈ Jx ⊆
0,  1] we have an interval type-2 membership function, as shown
n Fig. 2. The uniform shading for the FOU represents the entire
nterval type-2 fuzzy set and it can be described in terms of an
pper membership function �̄Ã(x) and a lower membership func-
ion �

Ã
(x).
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

An FLS described using at least one type-2 fuzzy set is called
 type-2 FLS. Type-1 FLSs are unable to directly handle rule
ncertainties, because they use type-1 fuzzy sets that are certain
viz., fully described by single numeric values). On the other hand,
Fig. 2. Interval type-2 membership function.

type-2 FLSs, are useful in circumstances where it is difficult to
determine an exact numeric membership function, and there are
measurement uncertainties.

A type-2 FLS is characterized by IF-THEN rules, where their
antecedent or consequent sets are now of type-2. Type-2 FLSs,
can be used when the circumstances are too uncertain to deter-
mine exact membership grades such as when the training data
is affected by noise. Similarly, to the type-1 FLS, a type-2 FLS
includes a fuzzifier, a rule base, fuzzy inference engine, and an out-
put processor, as we can see in Fig. 3 (in this case, a fuzzy system
with two inputs and one output is used as illustration). The out-
put processor includes type-reducer and defuzzifier; it generates a
type-1 fuzzy set output (from the type-reducer) or a number (from
the defuzzifier) [13]. Now we explain each of the blocks shown
in Fig. 3.

2.1. Fuzzifier

The fuzzifier maps a numeric vector x = (x1, . . .,
xp)T ∈ X1 × X2 ×· · ·× Xp ≡ X into a type-2 fuzzy set Ãx in X [13],
an interval type-2 fuzzy set in this case. We  use type-2 singleton
fuzzifier, in a singleton fuzzification, the input fuzzy set has only a
single point on nonzero membership. Ãx is a type-2 fuzzy singleton
if �Ãx

(x) = 1/1 for x = x′ and �Ãx
(x) = 1/0 for all other x /= x′.

2.2. Rules

The structure of rules in a type-1 FLS and a type-2 FLS is the same,
but in the latter the antecedents and the consequents is represented
by type-2 fuzzy sets. So for a type-2 FLS with p inputs x1 ∈ X1, . . .,
xp ∈ Xp and one output y ∈ Y, Multiple Input Single Output (MISO),
if we  assume there are M rules, the lth rule in the type-2 FLS can be
written down as follows:

R1 : IF x1 is F̃ l
1 and· · ·and xp is F̃ l

p, THEN y is

G̃l l = 1, . . . , M (2)

2.3. Inference
he design and optimization of interval type-2 fuzzy controllers,

In the type-2 FLS, the inference engine combines rules and gives
a mapping from input type-2 fuzzy sets to output type-2 fuzzy sets.
It is necessary to compute the join , (unions) and the meet �
(intersections), as well as the extended sup-star compositions (sup

dx.doi.org/10.1016/j.asoc.2011.12.010
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tar compositions) of type-2 relations. If F̃ l
1 × · · · × F̃ l

p = Ãl , (2) can
e re-written as follows:

l : F̃ l
1 × · · · × F̃ l

p → G̃l = Ãl → G̃l l = 1, . . . , M (3)

l is described by the membership function �Rl (x, y) =
Rl (x1, . . . , xp, y), where

Rl (x, y) = �Ãl→G̃l (x, y) (4)

an be written as [14]:

Rl (x, y) = �Ãl→G̃l (x, y) = �F̃l
1
(x1)˘ ·  · ·˘�F̃l

p
(xp)˘�G̃l (y)

= [˘p
i=1�F̃l

i
(xi)]˘�G̃l (y) (5)

In general, the p-dimensional input to Rl is given by the type-2
uzzy set Ãx whose membership function becomes

Ãx
(x) = �x̃1

(x1)  ̆ . . . ˘�x̃p(xp) = ˘p
i=1�x̃i(xi) (6)

here X̃i(i = 1, . . . , p) are the labels of the fuzzy sets describing the
nputs. Each rule Rl determines a type-2 fuzzy set B̃l = Ãx ◦ Rl such

hat:
This dependency is the input/output relation shown in Fig. 3,

hich holds between the type-2 fuzzy set that activates a certain
ule in the inference engine and the type-2 fuzzy set at the output
f that engine.

In the FLS, we used interval type-2 fuzzy sets and intersection
nder product t-norm, so the result of the input and antecedent
perations, which are contained in the firing set ˘p

i=1�F̃i
(x′

i
≡

l(x′)), is an interval type-1 set,

l(x′) =
[

f l

−
(x′),

−
f l(x′)

]
≡

[
f l

−
,

−
f l

]
(8)

here

l

−
(x′) = �

- F̃ l
p
(x′

1) ∗ · · · ∗ �
- F̃ l

p
(x′

p) (9)

nd

¯ l(x′) = �̄F̃l
1
(x′

1) ∗ · · · ∗ �̄F̃l
p
(x′

p) (10)

here * stands for the product operation.
Please cite this article in press as: O. Castillo, P. Melin, A review on t
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.4. Type reducer

The type-reducer generates a type-1 fuzzy set output, which
s then converted in a numeric output through running the
2 fuzzy logic system.

defuzzifier. This type-1 fuzzy set is also an interval set, for the case
of our FLS we  used center of sets (cos) type reduction, Ycos, which
is expressed as

Ycos(x) = [yl, yr] =
∫

y1 ∈ [y1
l

,y1
r ]

· · ·
∫

yM ∈ [yM
l

,yM
r ]

∫
f 1 ∈ [f-

1,f̄ 1]

· · ·

×
∫

f M ∈ [f-
M,f̄ M ]

1∑M
i=1f iyi/

∑M
i=1f i

(11)

This interval set is determined by its two end points, yl and yr,
which corresponds to the centroid of the type-2 interval conse-
quent set G̃i,

CG̃i =
∫

�1 ∈ Jy1

· · ·
∫

�N ∈ JyN

1∑N
i=1yi�i/

∑N
i=1�i

= [yi
l, yi

r] (12)

before the computation of Ycos(x), we  must evaluate Eq. (12), and its
two end points, yl and yr. If the values of fi and yi that are associated
with yl are denoted f i

l
and yi

l
, respectively, and the values of fi and yi

that are associated with yr are denoted f i
r and yi

r , respectively, from
Eq. (13), we have

yl =
∑M

i=1f i
l
yi

l∑M
i=1f i

l

(13)

yr =
∑M

i=1f i
r yi

r∑M
i=1f i

r

(14)

The values of yl and yr define the output interval of the type-2
fuzzy system, which can be used to verify if training or testing data
are contained in the output of the fuzzy system.

2.5. Defuzzifier

From the type-reducer, we obtain an interval set Ycos, to
defuzzify it we  use the average of yl and yr, so the defuzzified output
of an interval singleton type-2 FLS is

y(x) = yl + yr

2
(15)
he design and optimization of interval type-2 fuzzy controllers,

3. Bio-inspired optimization methods

In this section we  present a brief overview of the basic concepts
from bio-inspired optimization methods needed for this work.

dx.doi.org/10.1016/j.asoc.2011.12.010
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Table  1
Basic nomenclature of PSO.

Variable Definition

xi
z Particle position

Vi
z Particle velocity

wij Inertia weight
pi

z Best “remembered” individual particle position
g
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Table 2
Basic steps of the PSO algorithm.

Pseudocode of the PSO algorithm
1. Initialize

a) Set constants Zmax, c1, c2

b) Randomly initialize particle position xi
0 ∈ D in Rn for i = 1, . . .,  p

c)  Randomly initialize particle velocities 0 ≤ vi0 ≤ v  max  0 for i = 1, . . .,  p
d)  Set Z = 1

2. Optimize
a) Evaluate function value fik using design space coordinates xik
b)  If fiz ≤ fibest then fibest = fiz, piz = xiz
c) If fiz ≤ fgbest then fgbest = fiz, pgz = xiz
d) If stopping condition is satisfied then go to 3
e) Update all particle velocities viz for i = 1, . . .,  p
f) Update al particle positions xiz for i = 1, . . .,  p
g)  Increment z
h) Goto 2(a)

no obstacles; qa, . . .,  qf are former nodes of the path and C is the
set of possible configurations of the free space. If xk(t) denotes a Q

Table 3
Basic steps of the GA algorithm.

Pseudocode of the GA
1. Start with a randomly generated population of n chromosomes

(candidate solutions to a problem).
2. Calculate the fitness of each chromosome in the population.
3.  Repeat the following steps until n offspring have been created:

a. Select a pair of parent chromosomes from the current population, the
probability of selection being an increasing function of fitness.
Selection is done with replacement, meaning that the same
chromosome can be selected more than once to become a parent.

b.  With probability (crossover rate), perform crossover to the pair at a
randomly chosen point to a form two  offspring.
pz Best “remembered” swarm position
c1, c2 Cognitive and social parameters
r1, r2 Random numbers between 0 and 1

.1. Particle swarm optimization

Particle swarm optimization is a population based stochastic
ptimization technique inspired by social behavior of bird flocking
r fish schooling [28]. PSO shares many similarities with evolution-
ry computation techniques such as the GA [62].

The system is initialized with a population of random solutions
nd searches for optima by updating generations. However, unlike
he GA, the PSO has no evolution operators such as crossover and

utation. In the PSO, the potential solutions, called particles, fly
hrough the problem space by following the current optimum parti-
les [47]. Each particle keeps track of its coordinates in the problem
pace, which are associated with the best solution (fitness) it has
chieved so far (the fitness value is also stored). This value is called
best. Another “best” value that is tracked by the particle swarm
ptimizer is the best value, obtained so far by any particle in the
eighbors of the particle. This location is called lbest. When a par-
icle takes all the population as its topological neighbors, the best
alue is a global best and is called gbest [48].

The particle swarm optimization concept consists of, at each
ime step, changing the velocity of (accelerating) each particle
oward its pbest and lbest locations (local version of PSO). Accelera-
ion is weighted by a random term, with separate random numbers
eing generated for acceleration toward pbest and lbest locations
48]. In the past several years, PSO has been successfully applied
n many research and application areas. It is demonstrated that
SO gets better results in a faster, cheaper way when compared
ith other methods [46,47]. Another reason that PSO is attractive

s that there are few parameters to adjust. One version, with slight
ariations, works well in a wide variety of applications. Particle
warm optimization has been considered for approaches that can
e used across a wide range of applications, as well as for specific
pplications focused on a specific requirement [8,56].

The basic algorithm of PSO has the nomenclature defined in
able 1.

The equation to calculate the velocity is:

i
z+1 = wijvi

z + c1r1(pi
z − xi

z) + c2r2(pg
z − xi

z) (16)

nd the position of the individual particles is updated as follows:

i
z+1 = xi

z + vi
z=1 (17)

The basic PSO algorithm is defined as shown in Table 2.

.2. Genetic algorithms

Genetic algorithms (GAs) are adaptive heuristic search algo-
ithms based on the evolutionary ideas of natural selection and
enetic processes [25]. The basic principles of GAs were first pro-
osed by John Holland in 1975, inspired by the mechanism of
atural selection, where stronger individuals are likely the winners

n a competing environment [9,25].  GA assumes that the potential
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

olution of any problem is an individual and can be represented by
 set of parameters. These parameters are regarded as the genes
f a chromosome and can be structured by a string of values in
inary form. A positive value, generally known as a fitness value, is
3. Terminate

used to reflect the degree of “goodness” of the chromosome for the
problem, which would be highly related with its objective value.

The pseudocode of a GA is defined in Table 3.
The simple procedure just described above is the basis for most

applications of GAs found in the literature.

3.3. Ant colony optimization

Ant colony optimization (ACO) is a probabilistic technique that
can be used for solving problems that can be reduced to finding
good paths along graphs. This method is inspired on the behavior
presented by ants in finding paths from the nest or colony to the
food source [28].

The S-ACO is an algorithmic implementation that adapts the
behavior of real ants to solutions of minimum cost path problems
on graphs [36]. A number of artificial ants build solutions for a
certain optimization problem and exchange information about the
quality of these solutions making allusion to the communication
system of real ants [15].

Let us define the graph G = (V, E), where V is the set of nodes and
E is the matrix of the links between nodes. G has nG = |V| nodes. Let
us define LK as the number of hops in the path built by the ant k
from the origin node to the destiny node. Therefore, it is necessary
to find:

Q = {qa, . . . , qf |q1 ∈ C} (18)

where Q is the set of nodes representing a continuous path with
he design and optimization of interval type-2 fuzzy controllers,

c.  Mutate the two offspring at each locus with probability (mutation
rate), and place the resulting chromosomes in the new population.

4.  Replace the current population with the new population.
5. Go to step 2.

dx.doi.org/10.1016/j.asoc.2011.12.010
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Table  4
Basic steps of the ACO algorithm.

Pseudocode of ACO
1. Set a pheromone concentration � ij to each link (i, j).
2.  Place a number k = 1, 2, . . ., nk in the nest.
3. Iteratively build a path to the food source (destiny node), using Eq. (19)

for every ant.
Remove cycles and compute each route weight f(xk(t)). A cycle could be

generated when there are no feasible candidates nodes, that is, for any
i  and any k, Nk

i
= ∅; then the predecessor of that node is included as a

former node of the path.
4. Apply evaporation using Eq. (20).
5. Update of the pheromone concentration using Eq. (21).
6. Finally, finish the algorithm in any of the three different ways:

When a maximum number of epochs has been reached.
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When it has found an acceptable solution, with f(xk(t)) < ε.
When all ants follow the same path.

olution in time t, f(xk(t)) expresses the quality of the solution. The
-ACO algorithm is based on Eqs. (19)–(21):

k
ij(t) =

⎧⎪⎨
⎪⎩

�k
ij∑

j ∈ Nk
ij
�˛

ij
(t)

if j ∈ Nk
i

0 if j /∈ Nk
i

(19)

ij(t) • (1 − �)�ij(t) (20)

ij(t + 1) = �ij(t) +
nk∑

k=1

�ij(t) (21)

Eq. (19) represents the probability for an ant k located on a node
 selects the next node denoted by j, where, Nk

i
is the set of feasible

odes (in a neighborhood) connected to node i with respect to ant k,
ij is the total pheromone concentration of link ij, and  ̨ is a positive
onstant used as a gain for the pheromone influence.

Eq. (20) represents the evaporation pheromone update, where
 ∈ [0, 1] is the evaporation rate value of the pheromone trail. The
vaporation is added to the algorithm in order to force the explo-
ation of the ants, and avoid premature convergence to sub-optimal
olutions [37]. For � = 1 the search becomes completely random
48]. Eq. (21), represents the concentration pheromone update,
here ��k

ij
is the amount of pheromone that an ant k deposits in a

ink ij in a time t.
The general steps of S-ACO are indicated in Table 4.

.4. General remarks about optimization of type-2 fuzzy systems

The problem of designing type-2 fuzzy systems can be solved
ith any the above mentioned optimization methods. The main

ssue in any of these methods is deciding on the representation
f the type-2 fuzzy system in the corresponding optimization
aradigm. For example, in the case of GAs the type-2 fuzzy systems
ust be represented in the chromosomes. On the other hand, in

SO the fuzzy system is represented as a particle in the optimization
rocess. In the ACO method, the fuzzy system can be represented
s one of the paths that the ants can follow in a graph. Also, the
valuation of the fuzzy system must be represented as an objective
unction in any of the methods. In this paper, we offer a compre-
ensive review of the most representative works in optimization
f type-2 fuzzy controllers that have been done around the world.

. GAs in optimization of type-2 fuzzy controllers
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

There have been many works reported in the literature opti-
izing type-2 fuzzy controllers using different kinds of genetic

lgorithms. Most of these works have had relative success accord-
ng to the different areas of application. In this section, we offer
 PRESS
mputing xxx (2012) xxx–xxx 5

a representative review of these types of works to illustrate the
advantages of using a bio-inspired optimization technique for
automating the design process of type-2 fuzzy controllers.

In a paper by N. Cazarez et al. [21] a genetic-type-2 fuzzy logic
controller was proposed to achieve the output regulation of a ser-
vomechanism with backlash. The problem of designing the type-2
fuzzy controller was solved by optimizing the parameters of the
fuzzy system with a genetic algorithm to obtain the closed-loop sys-
tem in which the load of the driver is regulated to a desired position.
The provided servomotor position is the only measurement avail-
able for feedback. Simulations results illustrate the effectiveness of
the optimized closed-loop system.

In the work of C. Wagner and H. Hagras [62,63], a genetic
algorithm for evolving type-2 fuzzy logic controllers for real
world autonomous robots was  presented. The type-2 fuzzy logic
controller (FLC) has started to emerge as a promising control mech-
anism for autonomous mobile robots navigating in real world
environments. This is because such robots need control mecha-
nisms such as type-2 FLCs which can handle the large amounts of
uncertainties present in real world environments. However, man-
ually designing and tuning the type-2 membership functions (MFs)
for an interval type-2 FLC to give a good response is a difficult
task. This work describes a genetic algorithm to evolve the type-
2 MFs  of interval type-2 FLCs for mobile robots that will navigate
in real world environments. The evolved type-2 FLCs dealt with the
uncertainties present in the real world to give a very good perfor-
mance that has outperformed their type-1 counterparts as well as
the manually designed type-2 FLCs.

In the work by D. Wu and W.  Tan [67] genetic learning and
performance evaluation of interval type-2 fuzzy logic controllers
was presented. This paper focuses on advancing the understand-
ing of interval type-2 fuzzy logic controllers (FLCs). First, a type-2
FLC was evolved using genetic algorithms. The type-2 FLC was then
compared with another three GA evolved type-1 FLCs that have dif-
ferent design parameters. The objective was  to examine the amount
by which the extra degrees of freedom, provided by antecedent
type-2 fuzzy sets, was  able to improve the control performance.
Experimental results show that better control can be achieved using
a type-2 FLC with fewer fuzzy sets/rules so one benefit of type-2
FLC was a lower trade-off between modeling accuracy and inter-
pretability.

The work by D. Wu and W.  Tan [66] focuses on evolving type-2
fuzzy logic controllers genetically and examining whether they are
better able to handle modeling uncertainties. The study was  con-
ducted by utilizing a type-2 FLC, evolved by a genetic algorithm, to
control a liquid-level process. A two stage strategy is employed to
design the type-2 FLC. First, the parameters of a type-1 FLC are opti-
mized using the GA. Next, the footprint of uncertainty was  evolved
by blurring the fuzzy input set. Experimental results show that the
type-2 FLC copes well with the complexity of the plant, and can
handle the modeling uncertainty better than its type-1 counter-
part.

In the work by C. H. Wang et al. [65] a type-2 fuzzy logic sys-
tem cascaded with neural network, type-2 fuzzy neural network
(T2FNN), was presented to handle uncertainty with dynamical opti-
mal  learning. A T2FNN consists of a type-2 fuzzy linguistic process
as the antecedent part, and the two-layer interval neural network as
the consequent part. A general T2FNN is computational-intensive
due to the complexity of type-2 to type-1 reduction. Therefore,
the interval T2FNN is adopted in this work to simplify the com-
putational process. The dynamical optimal training algorithm for
the two-layer consequent part of interval T2FNN was  first devel-
he design and optimization of interval type-2 fuzzy controllers,

oped. To achieve better total performance, a genetic algorithm
was designed to search optimal spread rate for uncertain means
and optimal learning for the antecedent part. Several examples
are fully illustrated. Excellent results are obtained for the truck

dx.doi.org/10.1016/j.asoc.2011.12.010
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acking-up control and the identification of nonlinear system,
hich yield more improved performance than those using type-1

NN.
In the work by L. Cervantes and O. Castillo [22] a genetic design

f a fuzzy system for the longitudinal control of an F-14 airplane
as presented. The longitudinal control is carried out only by

ontrolling the elevators of the airplane. To carry out such mon-
toring it is necessary to use the stick, the rate of elevation and the
ngle of attack. Simulation results of the longitudinal control are
btained using a plant in Simulink and those results were com-
ared against the PID controller. Genetic algorithms were used to
ptimize parameters of type-2 and type-1 fuzzy systems to find the
est fuzzy controller under noisy conditions. The type-2 fuzzy con-
roller outperforms the type-1 when the level of noise is sufficiently
igh.

In the work of W.-D. Kim et al. [39], a design methodology of an
ptimized type-2 fuzzy cascade controller with the aid of hierarchi-
al fair competition-based genetic algorithm (HFCGA) for ball and
eam system was proposed. The type-2 fuzzy cascade controller
cheme consists of the outer controller and the inner controller
s two cascaded fuzzy controllers. In type-2 fuzzy logic controller
FLC) as the expanded type of type-1 fuzzy logic controller (FLC),
e can effectively improve the control characteristic by using the

ootprint of uncertainty (FOU) of membership function. The control
arameters (scaling factors) of each fuzzy controller are obtained
sing HFCGA which is a kind of parallel genetic algorithms (PGAs).
FCGA helps alleviate the premature convergence being generated

n conventional genetic algorithms (GAs). The controller charac-
eristic parameters of optimized type-2 fuzzy cascade controller
pplied ball & beam system such as maximum overshoot, delay
ime, rise time, settling time and steady-state error were esti-

ated. For a detailed comparative analysis from the viewpoint of
he performance results and the design methodology, the proposed

ethod for the ball & beam system which is realized by the fuzzy
ascade controller based on HFCGA, was presented in comparison
ith the conventional PD cascade controller based on serial genetic

lgorithms.
In the work of R. Martinez et al. [45], a tracking controller for

he dynamic model of a unicycle mobile robot by integrating a kine-
atic and a torque controller based on type-2 fuzzy logic theory and

enetic algorithms was proposed. Genetic optimization enables
nding the optimal parameters of the type-2 fuzzy controller for
he mobile robot. Computer simulations are presented confirming
he performance of the tracking controller and its application to
ifferent navigation problems.

In this work by C. Li et al. [42], a single-input-rule-modules
SIRMs) based type-2 fuzzy logic control scheme was proposed for

 particular nonlinear multivariable system, which is in this case
he translational oscillation with a rotational proof-mass actua-
or (TORA). Genetic algorithms (GAs) are adopted to determine
he parameters and to improve the performance of the SIRMs
ased type-2 fuzzy logic controller (SIRM-T2FLC). At last, simula-
ions and comparisons are given to demonstrate the effectiveness,
obustness and superiority of the proposed controller under three
ircumstances: normal case, the disturbance existing case, and the
arameter varying case. From the design process and comparisons,

t was evident that: (1) this SIRMs based type-2 fuzzy control
cheme can alleviate the difficulty to design conventional type-2
uzzy logic controllers (T2FLCs) for this multivariable TORA sys-
em, (2) the SIRM-T2FLC is much easier to design and understand
ompared with conventional nonlinear control strategies for the
ORA system, (3) better performance can be achieved.
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

In Table 5 a summary of the previously presented contributions,
ere GAs has been applied to optimize type-2 fuzzy controllers, is
resented. The comparison shown in Table 5 is based on the follow-

ng criteria: author names, year of publication, reference number,
 PRESS
mputing xxx (2012) xxx–xxx

if a comparison with type-1 fuzzy logic is provided, if a compari-
son with other optimization methods is presented, and why type-2
fuzzy logic was used by the authors.

5. PSO in optimization of type-2 fuzzy controllers

There have been several works reported in the literature opti-
mizing type-2 fuzzy controllers using different kinds of PSO
algorithms. Most of these works have had relative success accord-
ing to the different areas of application. In this section, we offer
a representative review of these types of works to illustrate the
advantages of using the PSO optimization technique for automating
the design process of type-2 fuzzy systems.

In the work of J. Cao et al. [8],  the PSO algorithm was used to
derive an adaptive fuzzy logic controller (AFC) based on interval
fuzzy membership functions for vehicle non-linear active suspen-
sion systems. The interval membership functions were utilized in
the AFC design to deal with not only non-linearity and uncertainty
caused from irregular road inputs and immeasurable disturbance,
but also the potential uncertainty of expert’s knowledge and expe-
rience. The adaptive strategy was designed to self-tune the active
force between the lower bounds and upper bounds of interval fuzzy
outputs. A case study based on a quarter active suspension model
demonstrated that the proposed adaptive fuzzy controller signif-
icantly outperforms conventional fuzzy controllers of an active
suspension and a passive suspension.

In the work by R. Martinez et al. [47], bio-inspired optimiza-
tion methods were applied to design type-2 fuzzy logic controllers
to minimize the steady state error of linear plants. The optimal
type-2 fuzzy controllers obtained by genetic algorithms and PSO
were compared using benchmark plants. The bio-inspired meth-
ods were used to find the parameters of the membership functions
of the type-2 fuzzy system to obtain the optimal controller. Simula-
tion results were presented to show the feasibility of the proposed
approach.

In this work by S.-K. Oh et al. [56], the design methodology of
an optimized fuzzy controller with the aid of PSO for the ball and
beam system was introduced. This system exhibits a number of
interesting and challenging properties when being considered from
the control perspective. The ball and beam system determines the
position of ball through the control of a servo motor. The displace-
ment change of the position of ball leads to the change of the angle
of the beam which determines the position angle of a servo motor.
The fixed membership function design of type-1 based fuzzy logic
controller (FLC) leads to the difficulty of rule-based control design
when representing linguistic nature of knowledge. In type-2 FLC as
the expanded type of type-1 FL, we  can effectively improve the con-
trol characteristic by using the footprint of uncertainty (FOU) of the
membership functions. Type-2 FLC exhibits some robustness when
compared with type-1 FLC.

In this work of Z. Bingül and O. Karahan [7],  a 2 DOF planar
robot was controlled by Fuzzy Logic Controller tuned with a parti-
cle swarm optimization. For a given trajectory, the parameters of
Mamdani-type-Fuzzy Logic Controller (the centers and the widths
of the Gaussian membership functions in inputs and output) were
optimized by the particle swarm optimization with three different
cost functions. In order to compare the optimized Fuzzy Logic Con-
troller with different controller, the PID controller was  also tuned
with particle swarm optimization. In order to test the robustness of
the tuned controllers, the model parameters and the given trajec-
he design and optimization of interval type-2 fuzzy controllers,

tory were changed and the white noise was added to the system.
The simulation results show that fuzzy logic controller tuned by
particle swarm optimization is better and more robust than the PID
tuned by particle swarm optimization for robot trajectory control.

dx.doi.org/10.1016/j.asoc.2011.12.010
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Table  5
GAs for the optimization of type-2 fuzzy controllers.

Author (s) (pub. year) Ref. no. Comparison with
type-1

Comparison with
other optimization

Why type-2 is required for the
problem?

Cazarez et al. (2008) [21] Yes No Uncertainty in control
Wagner and Hagras (2007) [62][63] Yes No Uncertainty in control
Wu  and Tan (2006) [67] Yes No Testing type-2 fuzzy control
Wu  and Tan (2004) [66] Yes No Uncertainty in control
Wang et al. (2004) [65] Yes Yes Uncertainty in control
Cervantes and Castillo (2010) [22] Yes No Uncertainty in control
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Kim  et al. (2010) [39] Yes
Martinez et al. (2009) [45] Yes 

Li  et al. (2009) [42] Yes 

This work by O. Linda and M.  Manic [43], presents a comparative
nalysis of interval T2 (IT2) and T1 FLCs in the context of learning
ehaviors for mobile robotics. First, a T1 FLC is optimized using
he PSO algorithm to mimic  a wall-following behavior performed
y an operator. Next, an IT2 FLC is constructed by symmetrically
lurring the fuzzy sets of the original T1 FLC. The performance of
he fuzzy controllers is compared using a wall-following sonar-
quipped mobile robot in both noise-free and noisy environments.
t is experimentally demonstrated that the IT2 FLC can cope better

ith dynamic uncertainties in the sensory inputs due to the soft-
ning and smoothing of the output control surface by the IT2 fuzzy
ets.

In the work by R. Martinez et al. [46], the optimization of
ype-2 fuzzy logic controllers using PSO was presented. The PSO

ethod was applied to find the parameters of the membership
unctions of a type-2 fuzzy logic controller in order to minimize
he state error for linear systems. PSO was used to find the opti-

al  type-2 fuzzy controller to achieve regulation of the output
nd stability of the closed-loop system. For this purpose, the val-
es of the cognitive, social and inertia variables in the PSO were
hanged. Simulation results, with the optimal type-2 fuzzy con-
roller implemented in Simulink, show the potential applicability
f the proposed approach.

In Table 6 a summary of the previously presented contributions,
ere PSO has been applied to optimize type-2 fuzzy controllers, is
resented. The comparison shown in Table 6 is based on the fol-

owing criteria: author names, publication year, reference number,
f a comparison with type-1 fuzzy logic is provided, if a compari-
on with other optimization methods is presented, and why  type-2
uzzy logic was used by the authors. It can also be noted that the
umber of papers using PSO is lower than the ones using GAs,
entioned in the previous section.

. ACO in optimization of type-2 fuzzy controllers

There have been several works reported in the literature opti-
izing type-2 fuzzy controllers using different kinds of ACO

lgorithms. Most of these works have had relative success accord-
ng to the different areas of application. In this section, we offer

 representative review of these types of works to illustrate the
dvantages of using the ACO optimization technique for automat-
ng the design process or parameters of type-2 fuzzy controllers.

In the work of C.F. Juang et al. [37], a reinforcement
elf-organizing interval type-2 fuzzy system with ant colony opti-
ization (RSOIT2FS-ACO) method was proposed. The antecedent

art in each fuzzy rule of the RSOIT2FS-ACO uses interval type-
 fuzzy sets in order to improve system robustness to noise. The
onsequent part of each fuzzy rule was designed using the ACO
echnique. The RSOIT2FS-ACO method was applied to a truck back-
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

ng control. The proposed RSOIT2FS-ACO was compared with other
einforcement fuzzy systems to verify its efficiency and effec-
iveness. A comparison with type-1 fuzzy systems verifies the
obustness of using type-2 fuzzy systems to noise.
Yes Testing type-2 fuzzy control
Yes Uncertainty in robot control
Yes Uncertainty in control

In the work of R. Martinez-Marroquin et al. [48], the application
of a simple ACO as an optimization method for the membership
functions’ parameters of a fuzzy logic controller was proposed.
The application of ACO enables finding the optimal intelligent
controller for an autonomous wheeled mobile robot. In the ACO
implementation, each controller was  represented as a trajectory
on a graph. Simulation results show that ACO outperforms a GA in
the optimization of type-2 fuzzy logic controllers for a particular
autonomous mobile robot.

In the work of C.F. Juang and C.H. Hsu [35], a reinforcement
ant optimized fuzzy controller (FC) design method, called RAOFC,
was proposed. The method was applied it to wheeled-mobile-robot
wall-following control under reinforcement learning environ-
ments. The inputs to the designed FC are range-finding sonar
sensors, and the controller output is a robot steering angle. The
consequent part of each fuzzy rule is designed using Q-value aided
ant colony optimization (QACO). Simulations and experiments on
mobile-robot wall-following control show the effectiveness and
efficiency of the proposed RAOFC.

In the work of O. Castillo et al. [15], the application of ACO and
PSO for the optimization of an interval type-2 fuzzy logic con-
troller for an autonomous wheeled mobile robot was presented.
The obtained simulation results were statistically compared with
the obtained previous work results with GAs in order to deter-
mine the best optimization technique for this particular robotics
problem. Both PSO and ACO were able to outperform GAs for this
particular application. In comparing ACO and PSO, the best results
were achieved with ACO.

In the work of C.F. Juang and C.H. Hsu [36], a new reinforcement-
learning method using online rule generation and Q-value-aided
ant colony optimization (ORGQACO) for fuzzy controller design
was proposed. The fuzzy controller is based on an interval type-
2 fuzzy system (IT2FS). The antecedent part in the designed IT2FS
uses interval type-2 fuzzy sets to improve controller robustness to
noise. The ORGQACO concurrently designs both the structure and
parameters of an IT2FS. The ORGQACO design method was applied
to the following three control problems: (1) truck-backing control;
(2) magnetic-levitation control; and (3) chaotic-system control.

In Table 7 a summary of the previously presented contributions,
were ACO has been applied to optimize type-2 fuzzy controllers, is
presented. The comparison shown in Table 7 is based on the follow-
ing criteria: author names, year of publication, reference number,
if a comparison with type-1 fuzzy logic is provided, if a compari-
son with other optimization methods is presented, and why type-2
fuzzy logic was used by the authors. It can also be noted that the
number of papers mentioning the use of ACO is lower than the ones
using PSO or GAs.

7. Other methods for design and optimization of type-2
he design and optimization of interval type-2 fuzzy controllers,

fuzzy controllers

In this section we  describe some other works reported in
the literature optimizing type-2 fuzzy systems using other of

dx.doi.org/10.1016/j.asoc.2011.12.010
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Table  6
PSO for type-2 fuzzy controller optimization.

Author (s) (pub. year) Ref. no. Comparison with type-1 Comparison with other optimization Why  type-2 is required for the problem?

Cao et al. (2008) [8] Yes No Uncertainty in control
Martinez et al. (2010) [47] Yes Yes Uncertainty in control
Oh  et al. (2011) [56] Yes Yes Testing type-2 fuzzy control
Bingül  and Karahan (2011) [7] No No Presence of noise
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Linda  and Manic (2010) [43] Yes 

Martinez et al. (2010) [46] Yes 

ptimization or design methods. Most of these works have had rel-
tive success according to the different areas of application. In this
ection, we offer a representative review of these types of works
o illustrate the advantages of using the corresponding method
or automating the design process or parameters of type-2 fuzzy
ontrollers.

In the work by S.M.A. Mohammadi et al. [55], an evolutionary
uning technique for type-2 fuzzy logic controller was  presented.
his work deals with the parameter optimization of the type-2
uzzy membership functions using a new proposed reinforcement
earning algorithm in a nonlinear system. The performance of the
roposed method on initial error reduction and error convergence

ssues were also investigated by computer simulations.
In the work of O. Castillo et al. [16], a method for designing

ptimal interval type-2 fuzzy logic controllers using evolutionary
lgorithms was presented. An evolutionary algorithm is applied
o find the optimal interval type-2 fuzzy system as mentioned
bove. The human evolutionary model is applied for optimizing
he interval type-2 fuzzy controller for a particular non-linear
lant and results are compared against an optimal type-1 fuzzy
ontroller. A comparative study of simulation results of the type-

 and type-1 fuzzy controllers, under different noise levels, was
lso presented. Simulation results show that interval type-2 fuzzy
ontrollers obtained with the evolutionary algorithm outperform
ype-1 fuzzy controllers.

In the work by K.J. Poornaselvan et al. [57], the main objec-
ive was to focus on an agent based approach to flight control in
round/runway. The idea was to provide an autonomous control
n flight once the airplane comes to runway. In all airports there is

 particular structure for the runway, like main runways, sub run-
ays, different tracks. An interval type 2 fuzzy controller can be

pplied to the autonomous vehicle in order to handle uncertainty
n a better way. Ant colony optimization technique can be used for
n optimized path planning in traffic environment with more num-
er of flights. A hybrid ant colony optimization was used to handle
eal time dynamic environment and path planning.

In the work by O. Castillo et al. [11], an evolutionary comput-
ng based approach for the optimization of type-2 fuzzy systems

as presented. In particular, the application of hierarchical genetic
lgorithms for fuzzy system optimization in intelligent control was
roposed. The problem of optimizing the number of rules and
Please cite this article in press as: O. Castillo, P. Melin, A review on t
Appl. Soft Comput. J. (2012), doi:10.1016/j.asoc.2011.12.010

embership functions using an evolutionary approach was  consid-
red. The hierarchical genetic algorithm enables the optimization of
he fuzzy system design for a particular application. The proposed
pproach was illustrated with the case of intelligent control in a

able 7
CO optimization of type-2 fuzzy controllers.

Author (s) (pub. year) Ref. no. Comparison with
type-1

Juang et al. (2009) [37] Yes 

Martinez-Marroquin et al. (2009) [48] Yes 

Juang  and Hsu (2009) [35] No 

Castillo et al. (2011) [15] Yes 

Juang  and Hsu (2009) [36] Yes 
Testing type-2 fuzzy control
Testing type-2 fuzzy control

medical application. Simulation results for this application show
that an optimal set of rules and membership functions for the fuzzy
system can be obtained with this approach.

In the work by L. Astudillo et al. [2],  an optimization method
based on the chemical reaction paradigms was  proposed. The new
optimization method was  inspired on a nature based paradigm:
the reaction methods existing on chemistry, and the way  the ele-
ments combine with each other to form compounds, in other words,
quantum chemistry. The proposed optimization method was tested
with benchmark mathematical functions and also with the design
of type-2 fuzzy controllers.

In the work by O. Castillo et al. [12], the use of hierarchi-
cal genetic algorithms for type-2 fuzzy system optimization in
anesthesia control was  proposed. In particular, the problem of
optimizing the number of rules and membership functions using
an evolutionary approach was proposed. The hierarchical genetic
algorithm enables the optimization of the type-2 fuzzy system
design for the particular application of anesthesia control. Simu-
lation results for this application show that an optimal set of rules
and membership functions for the type-2 fuzzy controller.

The work by M.  Biglarbegian et al. [6],  presents a novel design
methodology of interval type-2 Takagi Sugeno Kang fuzzy logic
controllers (IT2 TSK FLCs) for modular and reconfigurable robots
(MRR) manipulators with uncertain dynamic parameters. A math-
ematical framework for the design of IT2 TSK FLCs for tracking
purposes that can be effectively used in real-time applications was
developed. To verify the effectiveness of the proposed controller,
experiments on an MRR  with two degrees of freedom were per-
formed, which exhibits dynamic coupling behavior. Results show
that the developed controller can outperform some well-known
linear and nonlinear controllers for different configurations.

This work of G.O. Koca et al. [40], describes a new control scheme
for the robust crank angular speed control of a four-bar mecha-
nism driven by a DC motor. The proposed control method is based
on type-2 fuzzy logic and sliding mode control (SMC) technique.
Type-2 fuzzy control (FC) systems are characterized by type-2
membership functions which are useful in circumstances where
it is difficult to determine an exact membership function. SMC  is a
robust control method against parameter variations and external
disturbances. Type-2 fuzzy logic and SMC  can be combined to use
the advantages of both methods and thus to improve the effective-
he design and optimization of interval type-2 fuzzy controllers,

ness of the controllers. One of the most important advantages of the
use of SMC  with type-2 FC is to reduce the number of fuzzy rules
and thus to obtain a simpler and more practical control algorithm
to use in real applications.

Comparison with
other optimization

Why  type-2 is required for the
problem?

No Uncertainty in control
Yes Uncertainty in mobile robots
No Uncertainty in navigation
Yes Modeling uncertainty in control
No Test different controllers

dx.doi.org/10.1016/j.asoc.2011.12.010
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This work of K.R. Sudha et al. [60], proposes a type-2 (T2)
uzzy approach for load frequency control of two-area intercon-
ected reheat thermal power system with the consideration of
eneration rate constraint (GRC). The performance of the type-

 (T2) controller is compared with conventional controller and
ype-1 (T1) fuzzy controller with regard to generation rate con-
traint (GRC). The load frequency control (LFC) problem has been

 major subject in electrical power system design/operation. LFC is
ecoming more significant recently with increasing size, chang-

ng structure and complexity in interconnected power systems.
n practice LFC systems use simple proportional integral (PI) con-
rollers. As the PI control parameters are usually tuned, based on
lassical approaches.

The work of C.-H. Lee et al. [41], proposes a new control scheme
sing type-2 fuzzy neural network (type-2 FNN) and adaptive fil-
er for controlling nonlinear uncertain systems. This type-2 FNN

odel combines the advantages of type-2 fuzzy logic systems and
eural networks. The type-2 FNN system has the ability of uni-
ersal approximation, that is, identification of nonlinear dynamic
ystems. The proposed control scheme consists of a PD-type adap-
ive FNN controller and a pre-filter. The adaptive filter is used to
rovide better performance under transient response and to treat
he problem of disturbance attenuation.

This work by M.  Zaher and H. Hagras [70], describes a method
o generate a type-2 fuzzy logic model entirely from data to pro-
ide a dynamic footprint of uncertainty for the generated fuzzy set.
he fuzzy model was used to predict the wind speed experienced
y a wind turbine without the use of sensors. This estimated wind
peed is then passed for another fuzzy controller that changes the
itch angles of the wind turbine blades in order to track the max-

mum power available. Wind energy is becoming one of the most
mportant and promising areas of renewable energy. During the
ast few years, wind energy generation underwent strong improve-
ents in several fields including power electronics, mechanics,
ind dynamics, etc.

In the work of M.  Galluzzo and B. Cosenza [29], two  adap-
ive type-2 fuzzy logic controllers with minimum number of rules
re developed and compared by simulation for control of a biore-
ctor in which aerobic alcoholic fermentation for the growth of
accharomyces cerevisiae takes place. The bioreactor model is
haracterized by nonlinearity and parameter uncertainty. The first
daptive fuzzy controller is a type-2 fuzzy-neuro-predictive con-
roller (T2FNPC) that combines the capability of type-2 fuzzy logic
o handle uncertainties, with the ability of predictive control to
redict future plant performance making use of a neural network
odel of the nonlinear system. The second adaptive fuzzy con-

roller is instead a self-tuning type-2 PI controller, where the output
caling factor is adjusted online by fuzzy rules according to the
urrent trend of the controlled process.

This work by E.A. Jammeh et al. [34], proposes an interval type-2
LC that achieves a superior delivered video quality compared with
xisting traditional controllers and a T1 FLC. To show the response
n different network scenarios, tests demonstrate the response both
n the presence of typical Internet cross-traffic as well as when other
ideo streams occupy a bottleneck on an All-Internet protocol (IP)
etwork. It was found that the proposed type-2 FLC, although it is
pecifically designed for Internet conditions, can also successfully
eact to the network conditions of an All-IP network. When the
ontrol inputs were subject to noise, the type-2 FLC resulted in an
rder of magnitude performance improvement in comparison with
he T1 FLC.

In this work by H. Chaoui and W.  Gueaieb [24], a type-2
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uzzy logic controller (FLC) is proposed in this article for robot
anipulators with joint elasticity and structured and unstructured

ynamical uncertainties. The proposed controller is based on a slid-
ng mode control strategy. To enhance its real-time performance,
Fig. 4. Optimization behavior for the S-ACO on type-2 FLC optimization.

simplified interval fuzzy sets are used. The efficiency of the control
scheme is further enhanced by using computationally inexpensive
input signals independently of the noisy torque and acceleration
signals, and by adopting a trade off strategy between the manipu-
lator’s position and the actuators’ internal stability. The controller is
validated through a set of numerical experiments and by comparing
it against its type-1 counterpart.

In this work by P. Melin and O. Castillo [51], adaptive model-
based control of non-linear plants using type-2 fuzzy logic and
neural networks was  proposed. First, the general concept of adap-
tive model-based control is described. Second, the use of type-2
fuzzy logic for adaptive control is described. Third, a neuro-fuzzy
approach is proposed to learn the parameters of the fuzzy system
for control. A specific non-linear plant was  used to simulate the
hybrid approach for adaptive control. The non-linear plant that was
considered is the “Pendubot”, which is similar to the two-link robot
arm. The results of the type-2 fuzzy logic approach for control were
good, both in accuracy and efficiency.

In Table 8 a summary of the contributions were other opti-
mization methods (different than GAs, PSO and ACO) have been
applied to design type-2 fuzzy systems is presented. The compar-
ison is based on the optimization method used, if a comparison
with type-1 fuzzy logic is provided, and if a comparison with other
optimization methods is presented.

8. Simulation results illustrating the optimization of type-2
fuzzy controllers

In this section we  describe as an illustration the application of
ACO for the optimization of the membership functions’ parame-
ters of a type-2 fuzzy logic controller in order to find the optimal
intelligent controller for an autonomous wheeled mobile robot. The
complete details of the robot, the fuzzy controller and simulation
results can be found in [15].

Fig. 4 shows the optimization behavior of the ACO method. Fig. 5
shows the membership functions of the FLC obtained by the sim-
ple ACO algorithm. Fig. 6 shows both the desired trajectory and
obtained trajectory for the robot.

A trajectory tracking controller was  designed based on the
dynamics and kinematics of the autonomous mobile robot through
the application of ACO for the optimization of membership func-
he design and optimization of interval type-2 fuzzy controllers,

tions for the type-1 and type-2 fuzzy controllers with good results
obtained after simulations. In summary, the three optimization
methods are able to optimize the fuzzy controllers (to a certain
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Table  8
Other methods of optimization for type-2 fuzzy controllers.

Author (s) (pub. year) Ref. no. Comparison with type-1 Comparison with other optimization Optimization method

Mohammadi et al. (2010) [55] Yes No Evolutionary Algorithm
Castillo et al. (2011) [16] Yes No Human Evolutionary Model
Poornaselvan et al. (2008) [57] No No Hybrid Agent and ACO
Castillo et al. (2007) [11] Yes No Evolutionary Algorithm
Astudillo et al. (2010) [2] Yes Yes Chemical Optimization
Castillo et al. (2008) [12] Yes No Hierarchical Evolution
Biglarbegian et al. (2011) [6] Yes No Traditional Optimization
Koca  et al. (2011) [40] No No Traditional Optimization
Sudha  et al. (2011) [60] Yes No Traditional Optimization
Lee  et al. (2005) [41] No No Neuro-Fuzzy Design
Zaher and Hagras (2010) [70] No No Traditional Optimization
Galluzzo and Cosenza (2010) [29] No No Neuro-Fuzzy Design
Jammeh et al. (2009) [34] Yes No Traditional Optimization

l
a

9

d
t
b
t
p
i
s
t
w
a

Chaoui  and Gueaieb (2008) [24] Yes 

Melin  and Castillo (2004) [51] Yes 

evel) and the difference is in the achieved tracking errors, which
re lower for ACO [15].

. General overview of the area and future trends

Fig. 7 shows the total number of papers published per year
escribing the application of optimization methods for designing
ype-2 fuzzy controllers. From Fig. 7 it can be noted that the num-
er of papers published have been increasing each year (in 2011
here is a decline because the information of this year is not com-
lete at the moment of writing the paper). It is expected that this

ncreasing trend will continue in the future because type-2 fuzzy
Please cite this article in press as: O. Castillo, P. Melin, A review on t
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ystems have been used more frequently in the applications, and
his will require designing more complex type-2 fuzzy systems,
hich in turn will need even better optimization techniques. It is

lso worth mentioning that at the moment most of the type-2 fuzzy
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Fig. 5. Membership functions: (a) linear velocity error, (b) a
No Traditional Optimization
No Neuro-Fuzzy Design

controllers considered in the applications only use interval type-2
fuzzy sets, but when generalized type-2 fuzzy sets become more of
a standard the design problem would require even more powerful
optimization techniques.

Fig. 8 shows the distribution of the published papers in opti-
mizing type-2 fuzzy controllers with the different techniques
mentioned previously. From Fig. 8 it can be noted that the use of
GAs have been decreasing, on the other hand the use of PSO, ACO
and other methods have been increasing. Regarding the question of
which method would be the most appropriate for optimizing type-
2 fuzzy controllers, there is no easy answer. What we can be sure of
is that the techniques mentioned in this paper and newer ones that
he design and optimization of interval type-2 fuzzy controllers,

may  appear in the future, would certainly be tested in the optimiza-
tion of type-2 fuzzy controllers because the problem of designing
automatically these type of systems is complex enough to require
their use.
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ngular velocity error optimized by the ACO algorithm.
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0. Conclusions

In the previous sections we have presented a representative
ccount of the different optimization methods that have been
pplied in the optimal design of type-2 fuzzy systems. To the
oment, genetic algorithms have been used more frequently to

ptimize type-2 fuzzy systems. However, more recently PSO and
CO have attracted more attention and have also been applied with
ome degree of success to the problem of optimal design of type-2
uzzy systems. There have been also other optimization methods
pplied to the optimization of type-2 fuzzy controllers, like the
hemical optimization paradigm. At this time, it would be very dif-
Please cite this article in press as: O. Castillo, P. Melin, A review on t
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cult to declare one of these optimization techniques as the best for
ptimizing type-2 fuzzy systems, as different techniques have had
uccess for different applications of type-2 fuzzy logic. In any case,
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the need for bio-inspired optimization methods is justified due to
the complexity of designing type-2 fuzzy systems.

There are other bio-inspired or nature-inspired techniques that
at the moment have not been applied to the optimization of type-2
fuzzy systems that may  be worth mentioning. For example, mem-
brane computing, harmony computing, electromagnetism based
computing, and other similar approaches have not been applied
(to the moment) in the optimization of type-2 fuzzy systems. It is
expected that these approaches and similar ones could be applied
in the near future in the area of type-2 fuzzy system optimization.
Of course, as new bio-inspired and nature-inspired optimization
methods are being proposed at any time in this fruitful area of
research, it is expected that newer optimization techniques would
also be tried in the near future in the automatic design of optimal
type-2 fuzzy systems.
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